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Abstract

In [3], Antoine and Vandergheynst propose a group-theoretic approach to continuous
wavelet frames on the sphere. The frame is constructed from a single so-called admissi-
ble function by applying the unitary operators associated to a representation of the Lorentz
group, which is square-integrable modulo the nilpotent factor of the Iwasawa decomposition.
We prove necessary and sufficient conditions for functions on the sphere, which ensure that
the corresponding system is a frame. We strengthen a similar result in [3] by providing a

complete and detailed proof.

1. Introduction

In the recent twenty years, continuous and discrete wavelet frames on the sphere were examined
with different approaches and in particular with various techniques for imitating a dilation on
the sphere. The methods range from extending the discrete wavelet scheme based on multireso-
lution to spheres [6, 14], to Fourier analytic ones with appropriately weighted sums of spherical
harmonics [11, 23, 24, 21], lifted spherical wavelets [26], and constructions on tangent bundles
of the sphere [7]. Further, a spherical wavelet transform based on an integral transform with a
singular kernel was proposed in [17]. For more recent papers following the approximate identi-

ties idea, resp. using singular integrals, we refer to [4, 5, 18]. In connection with coorbit spaces
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spherical wavelets were considered in [8]. Various applications of spherical wavelet frames can
be found, e.g., in [12, 22, 25].

In [3] Antoine and Vandergheynst proposed a group-theoretic approach that generalizes that
of Grossmann et al. [15, 16] from locally compact groups to the homogeneous space given by
a quotient of the Lorentz group. For the 2-sphere, the construction and analysis of continuous
wavelet frames was outlined in [3] and for general n-spheres in [2]. In this paper, we exclusively
focus on this construction and our aim consists in adding missing information to the analysis
in [3], which in our opinion appears to be important and non-trivial. We will clearly indicate
the differences and additions we made by corresponding remarks. In particular, it appears that
finding an admissible function such that the corresponding function system indeed has upper
and lower frame bounds is quite involved. We consider these results as the main contribution of
our paper.

The outline of this paper is as follows. In Section 2, we set the stage by giving the formal
group-theoretic definition of wavelets on the sphere. Our main result is stated in Section 3.
Section 4 contains a proof of general necessary and sufficient conditions for a function to be
admissible. These conditions rely on a sequence of numbers that has to be bounded from above
in order to get an upper frame bound and uniformly bounded from below away from zero to
have a lower frame bound. While it is not hard to deduce these general sequence conditions, and
indeed they were already provided in [3], the main work consists in finding functions which fulfill
these conditions. This is the content of the subsequent sections. In Section 5, we derive necessary
and sufficient conditions on functions such that an upper frame bound for the corresponding
continuous frame can be ensured. To this end, we explore the asymptotic behavior of zonal
projections. In Section 6, we adopt the nice intuition of Antoine and Vandergheynst to switch
to stereographic projections. We show that the derived conditions on the admissible function
can be rewritten as moment conditions on the isometrically transferred admissible function to
the plane. Finally, the lower frame bound is treated in Section 7. As known from frame theory,
conditions for lower frame bounds are typically more complicated than the Bessel condition,

which is also the case for our setting.

2. Preliminaries

In this section, we first provide the basic notation on square integrable group representations
and continuous wavelet frames in general and subsequently specify it to our spherical setting.

For more information, we refer to [1, 13].

2.1. Continuous wavelet frames on homogeneous spaces

Let H be a Hilbert space with scalar product (-,-) and norm | - || = (., )é, and fix a locally

compact space X equipped with a Radon-measure v. A family {n,},ex C H is called a con-



tinuous frame, if for every ¢ € H the map x — (¢, n,) is measurable and there exist constants

0 < ¢ < (C < oo such that

cllo|? < /X (6, ma) 2 () < Ol (1)

for all ¢ € H. For a continuous frame {7, },cx, the corresponding frame operator A is given in

its weak formulation by

(Ad, ) = /X (6. 0e) (e ) di(), G € H |

and condition (1) is equivalent to the fact that the frame operator A is bounded and boundedly
invertible.

The prototype of a continuous frame is given by a square-integrable representation of a locally
compact group G with left Haar measure pu. Let U be a continuous unitary representation of
G in H, i.e. U is a mapping from G into the space U(H) of unitary operators on H fulfilling
U(gg') = U(g9)U(q') for all g,¢" € G, and the function g — (¢, U(g)y) must be continuous for
every ¢, € H. In what follows, we will only consider continuous representations and omit the
word ’continuous’ in this context. An irreducible representation is called square integrable, if

there exists a vector n € H \ {0} such that

/G i, U (g)m) | du(g) < . )

In this case, the vector 7 is called admissible. With the choice v = p, general results from
representation theory [9] guarantee that the family {U(g)n}4eq is a continuous frame, and the

corresponding frame operator A, with

(Ayd, ) = /G (6.U(@)m) U g)n, ) dulg), ¢, € H,

is in fact a multiple of the identity.

In this paper, we are concerned with a homogeneous space X = G/N, where N is a closed
subgroup of GG instead of the whole group. We fix on X a strongly quasi-invariant measure v,
see (4) and [10] for the general theory. Since in general a representation is not directly defined
on X, we need to introduce a (measurable) section o : X — G, i.e. a map which for each x € X
assigns an element o(x) € G such that o(z) belongs to the coset 2. We then call a representation
U of G in H square-integrable modulo (N, o), if there exists a vector n € H\{0} such that the

family {U(o(z))n}zex is a continuous frame, i.e. such that the operator A, weakly defined via

(Ayh, 1) = /X (6.0 (0() ))(U (o(x)) n.9) duz), € H,

is bounded and boundedly invertible. We call the corresponding vector n € H\{0} admissible.
Notice that the definition of admissibility is often given in a different way in the literature, as

pointed out in the following remark.



Remark 2.1. We observe that in [3] and in [8] a vector n € H\{0} is called admissible if

/ (6, U(o(@))m) 2 du(a) < oo (3)
X

for all ¢ € H. If X = G and the representation U is irreducible, then the upper and lower
bounds follow from (2). However, if X = G/N with N non-trivial, (2) does not imply (3),

which in general is not sufficient to ensure the lower bound, see [13] for a complete discussion.

2.2. Group theoretic aspects

We briefly recall the group theoretical construction, introduced in [3], of wavelets on the two

dimensional sphere
S?:={weR?:w'w =1} = {(sinf cos @,sin fsin p, cos )™ : p € [0,27),6 € [0, 7]}.

There is no harm in regarding w and (6, @) both as points on the sphere and as points in R?

and we shall do so. We equip S? with the Riemannian surface element d¥(w) = sin #dfdp. The

Hilbert space H we are interested in is Lo(S?) = L2(S?,X) and we denote the inner product by
1

(-,) and the norm by || - || = (-,-)2.
The group G = SO(3, 1)g is the connected component of the identity of the Lorentz group

0(3,1)={geR": g"I319 = I3},
where I3 = diag(1,1,1, —1). Its Iwasawa decomposition reads as
SO(3,1)9 = KAN,

where K is the maximal compact subgroup of rotations

e[

0
7 1] 1y € SO(S)} ~S0(3) = {y €R>? : 4"y = I3,det y = 1},

the factor A is the Abelian subgroup of dilations,

I 0 0
A= 0 ata a—a"! 3CL€R1_ NRja
-1 -1
O a g a+ta

and N is the nilpotent (in fact Abelian) subgroup of translations

L —b b
N={|or 1= B peRr?) ~R2
(L G L

From now on, we identify K, A and N with SO(3), R} and R?, respectively. The minimal
parabolic subgroup of SO(3, 1) is
P = MAN,



where M is the centralizer of A in K, namely
M = { [z —?] Tu € SO(2)} ~S0(2) = {u € R*? : u"u = Ir,detu = 1}.
2
Since
SO(3,1)9/P = KAN/MAN ~ K/M = SO(3)/S0(2) ~ S?,
the group SO(3,1)g acts transitively on S? and we denote the corresponding action by
SO(3,1)0 x $? 3 (g,w) — gw € S%
In particular, for all rotations v € SO(3), we have
YW = 7w,
where 7.w denotes the action of the matrix v on the vector w, and for all dilations a € R},
0w = (0a ) = wa,  tan(36,) = atan(36).

The measure d¥ is quasi-invariant with respect to the action of SO(3,1)g. This means for all
g € SO(3,1) that
[ How)am(w) = [ wlg.)f(w) aS(w), (4)

where f : S? — C is such that one of the two sides, hence both, is finite, and x is a function

that enjoys the cocycle property
K(9192,0) = K(g1,w)R(g2, 97 W), 91,92 € SO(3,1),w € S
In particular, for all rotations v € SO(3),
k(y,w) =1, weS?

and for all dilations a € R,

4a?
[(a2 —1)cosO + (a2 + 1))%’

k(a,w) = w=(,p) €S~

As a particular instance of the theory of parabolic induction [19], there is a natural irreducible

unitary representation of SO(3, 1) acting on Lo(S?) as

[U(9)f](w) = k(g,w)?f(g7'w), g€80(3,1), f € La(S?). (5)

The above representation is not square integrable. However, as first stated in [3], it is square-

integrable modulo (N, o), where the homogeneous space is

X :=50(3,1)o/N ~ SO(3) x R,



and the section o : X — SO(3,1)g is
o(y,a) =va, v€8S50(3),acA.

Note that X admits an SO(3, 1)-invariant measure v given by

d da
dvfy,a) = 010,

where p is the Haar measure of SO(3) normalized in such a way that ;(SO(3)) = 872 and da is
the Lebesgue measure on the real line.

As shown in [3, Prop. 3.2], the representation (5) on the homogeneous space X factorizes as

U(o(v,a)) = A(7)Da,

where ) is the quasi-regular representation of SO(3) acting on Lo(S?) given for v € SO(3) by

AN flw) = f(yw), weS? feLy(S?), (6)

and a — D, is the unitary representation of R} acting on Ly(S?) via dilation operators, namely,
for any a € R},
(Daf)(w) := K(a,0)? f(w1/a), w € S?, f € La(S?).

In [3] the continuous wavelets on the sphere S? are defined as the family

{U(a(2))n} eso@) xrt

where € L?(S?) is a suitable function. Theorem 3.1 below provides necessary and sufficient
conditions on the vector n such that {U(U(x))n}zeso(?))ij is a continuous frame, i.e. it sat-
isfies (1). We refer to [3] for a geometrical interpretation of U(o(x)) in terms of stereographic
projections.

The above result was first stated in [3] with a sketch of the proof. In Section 4, we provide
a complete proof, filling in details that are missing in [3]. To this end, we denote the spherical

harmonics by

" 2+1(—m) . im
Y, (0,@)—\/ yp EE—}—m;!PE (cos)e™?,  |m| < ¢, £ € No,

where P;" denote the associated Legendre polynomials. We recall that {Y;™}sen, |m|<¢ form
an orthonormal basis of Ly(S?) and that for each ¢ € Ny the orthogonal projection onto the
spherical zone
Ve = span{Y;"™ : [m| < £}

is given by

Mpf(w) = > (LYY (w) =(20+1) | Pw-o)f(W)dS(W), weS? (7)

<t s

where Py = PZ0 is the Legendre polynomials of degree ¢ € Ny. Note that each ) is an invariant
subspace of dimension 2¢ + 1 for the representation A of SO(3), and that the restriction of A to

Yy is irreducible.



3. Main result

The main results of this paper are the following necessary and sufficient conditions on a function

n € La(S?) to be admissible.

Theorem 3.1 (Main Result). Fiz n € La(S?) such that

1

) I )

S2 In( 780)’1+cos9 ) < Hoo, N
tan2(g)

) 127 g%

A In( 7¢)11+CO89 (w) < +o0, (9)
1 —i—tanQ(Q)

. e T . 10
s (1020 ) < o h

Then there is a constant B > 0 such that
[ J.vte@m) ave) < Blol?
for all ¢ € L*(S?) if and only if
1
—dX =0. 11
100 ey 26.6) = 0 (1)

Under this condition, the frame operator A, : La(S*) — Lo(S?) defined by
(Ap) = [ (8.U@I) V()b dvla) (12)
1s bounded, and it is boundedly invertible if and only if the function

21
‘)H/o 06, 0)dp 0. (13)

The proof of the theorem is given in the rest of the paper, but we first add a few comments

and some notation. For n € La(S?), set

WMo, ) = 100 0.9) € (1)
1?0, ) =010, 0) tan®(§),  (0,0) €S, (15)
I Y i
0= 5= [ 0.0 0. (16)

Conditions (8) and (9) state that 5} and nl? are integrable functions, respectively, and (13)
means that n # 0. It is clear that if n is an axisymmetric function, i.e., 1 is independent of
the longitude ¢, then 7 = 1 and (13) simply states that 7 is a non-zero vector. Under these
assumptions, if 7 is a continuous function with support contained in (0, ), conditions (8), (9)
and (10) hold true. The following result shows that there is a rather natural construction for

functions 7 fulfilling the vanishing mean condition (11).



Lemma 3.2. For every ¢ € Lo(S?) and o > 0, we have

¢(0, ) _ 1 [ Du((8,9)
s2 1+ cosf dx(w) = a Js2 1+ cosf a2 (w).

As a consequence, the function n = ¢ —a~ Dy fulfills the cancellation condition (11).

The proof of the lemma is given at the end of Section 7.

4. General necessary and sufficient admissibility condition

The following theorem gives a necessary and sufficient condition for the frame operator associated
to {U(o(x))n}zex to be bounded and boundedly invertible. The relation to [3, Theorem 3.3] is

explained in a subsequent remark. We set:

Na = Dan .
Theorem 4.1. Take n € Lo(S?) and set
1 o da 1 o0 da
Gpi= s 1T — = ona| > — ¢ € No. 17
e g ), Mo = g [ MelPS. e (1)

Then the following conditions are equivalent:

i) There exists a constant Cy, > 0 such that for every ¢ € Lo(S?),
2
[ @.Ue@m avta) < ol (18)

ii) The sequence (Gy)een, is bounded.

If one of the above two conditions holds true, then the best constant C,, is given by

Cy = 872 sup Gy,
£€Ny

and the operator A, : La(S*) — Lo(S?) defined by (12) fulfills

(Apd, ) =872 > Go(Ileg, 1)), (19)

LeNg

for all g,vp € Lo(S?). Furthermore, A, is boundedly invertible if and only if the sequence (Gy)een,

is bounded from below by a strictly positive constant. In this case, we have

-1
A7 = (inf Ge)
4,11 = (nt G
As a consequence, 1) is an admissible vector if and only if there exist constants 0 < ¢,; < Cy, such

that for all £ € Ny,
Cn S Gg S C’] .



Proof. Standard arguments show that condition i) is equivalent to assuming the existence of
a dense subset D C Ly(S?) such that (18) holds true for any ¢ € D [13]. For the sake of
completeness, we outline the proof. Define the voice transform V; : dom(V;) C Lo(S?) —
La(X,v) by
Voo (z) == (¢, U(o(z))n), forae z € X,
where
dom(Vy) i= {6 € La(S?) | (6, U(a(-))n) € LA(X,v)}.

Since dom(V;)) is a vector space containing D, we see that V}, is a densely defined operator. A
direct computation shows that V;, is closed. Thus, the closed graph theorem together with the
fact that (18) holds true for all ¢ € D implies that domV;, = Lo(S?) and V;, is a bounded
operator, so that (18) holds true for every ¢ € Lo(S?). Furthermore, it is straightforward to
check that A, = V,*V,, is given by (12), so that A, is a positive bounded operator by construction.

Hence, it is sufficient to show that condition ii) is equivalent to the existence of a dense subset

D C Ly(S?) such that (18) holds true for every ¢ € D. To this purpose, we define

L
= {Z¢E ‘ L€N07 ¢£€yf}7

(=0
which is a dense subspace of Ly(S?). Fixing ¢ € D, so that ¢ = ZLO I1y¢, we obtain

/SO(S) (.2 Dan)[ du(x Z / (TLe, A(v) Dan) (T, A7) D) dpa(y)

Ll =

¥ / [ T MO o) T X ()T ) i)

LU=

_Z%H I

where )y is the restriction of the representation A to the A-invariant subspace Y, = II;La(S?),

)

and that last equality holds true since (A7)een, is a family of irreducible non equivalent repre-

sentations of the compact group SO(3) and the Schur orthogonality relations give
w4, ¢V (') =1,
O £ # El

/ (6. 7 (D) (& A () dpu(y) =
SO(3)

for all ¢, v € Yy, ¢',1" € Vp. Hence, by (6) and definition of v, we have

2 [ da
J o Ut avie) = [ ( Ly | XD i ) =3
0 da
_225+1 ZngQ/O HHMG{F? (20)

_ SWQZGgHHNﬁHQ,
/=0



where in view of Fubini’s theorem the left-hand side is finite if and only if each G, in the sum

is finite. Furthermore, we get

L
sup / ‘<¢,U(J(.%’))77>‘2dl/($) = sup sup SWQZGgHngﬁHQ
¢€D,[|6]l=1 /X LeNo geal Ve =0

lpll=1

= 872 sup sup Gy = 872 sup Gy.
LeNg <L £eNy

The above equality shows that (18) holds true for all ¢ € D if and only if the sequence (Gy)sen,
is bounded and, in such a case, the best constant is given by 872 supgen, G-

It remains to show the representation (19). Since A, is a positive bounded operator, it is
enough to show (19) for ¢ = ¢ € D. With this choice it follows

L
(A0.6) = ol = [ (6. U(ot)m) [ dv(o) = 87 Y Geljmes]*
X =0

The above equation makes it clear that A, is boundedly invertible if and only if the sequence
(Ge)een, is bounded from below by a positive constant. The last claim characterizing the

admissible vectors is now clear. O

The identity (19) states that A, commutes with the left-regular representation A of SO(3),
which can be proven directly using (12). Moreover, it immediately becomes clear that the

boundedness of (Gy)een, is indeed necessary and sufficient for the boundedness of A,,.

Remark 4.2 (Relation to [3, Theorem 3.3]). Using our notation, Theorem 3.3 in [3] claims
that there exists a function n such that (Gy)g is bounded. Indeed the authors prove essentially
the relations given in our Theorem 4.1 and mention at the end of their proof that there are
clearly many functions n that satisfy this condition and that all these functions form a dense set
in Lo(S?). However, it took us the entire next section to show that such functions indeed exist,
though our conditions don’t describe a dense subset of La(S?).

Moreover, since we do not see immediately how to verify the integration/summation change
in (20) for an infinite sum over £ and since the finiteness of the whole expression is not ensured,

we circumvented this difficulty arguing with the dense subset D of Lo(S?).

The identity (19) does not only demonstrate that boundedness of the sequence (Gy)een, is
equivalent to boundedness of the operator A,, but it also reveals the criterion for its bounded
invertibility. In the rest of this paper, we investigate under which conditions on 7 this holds

true.

5. Upper frame bound

In this section, we deduce the first part of Theorem 3.1. First we derive necessary and sufficient

conditions on 7 such that each Gy, £ € Ny is finite. Then we deduce conditions on 7 such that

10



the whole sequence (Gy)sen, is bounded from above. By definition (17) of Gy, we will need
asymptotic estimates for the zonal projections ||IIyn, || as a — 0.

The next proposition gives a necessary cancellation condition on n such that the numbers Gy,
¢ € Ny are finite. It is directly related to [3, Prop. 3.6], where the authors deduced that the
boundedness of (Gy)een, implies the cancellation property. Indeed, just one Gy, ¢ € Ny must be

finite to require this condition.
Proposition 5.1. Let € Lo(S?) satisfy (8). Then

<HE770L7 77a> o

lim — 4(2041)

al0 a?

If for a fized ¢ € Ny, the number Gy defined by (17) is finite, then

1
0. p)—— dx(6, ¢) = 0.
/Sz”(’¢)1+cos9 (0,0) =0

1 2
100y m0.0)] ()

Proof. We first prove (21). Using the integral form (7) of 1Ty, we get
(ILe7a; Na) / / 1 S YA /
= — a Dyn(w') dX(w) dX
st = [ P Dune) Dol dS(w) A=)
a 0)1/2 (a,@’)l/Q
=éé ) o)) A(0) ()
—1 )1/ 2k(q= 1, 9')1/2
://Ja OO O o () s . (22)
S2 Js2 a
Since
2 2
0)1/2q = <
wa,0)a (1—a2)cos@+a2+1" (1+cosb)’
we conclude (! 9)1/2
K(a™ 2
d < . 23
a ~ 1+cosd (23)
Recalling further that the Legendre polynomials are uniformly bounded on [—1,1], i.e
1P|l poe (=117) = Pe(1) =1,
we obtain with (8) an integrable upper bound for (22). Since §, — 0 as a — 0 and
Wq + wh, = sinf, sin 0, cos(¢ — ¢') + cos B, cos b,
we have that lim,jow, - w!, = 1. Moreover, we obtain
. w(a=1,0)1/2 202 2
al0 a ;f(()l(a 2—1)cosf+ (a=24+1) cosf+1 (24)

Therefore, Lebesgue’s dominated convergence theorem yields

(Tg7a, Na) / / 2 \? ,
lim P _— by >
alo a2(20 + 1) (20+1) s2 (1 () 1+ cosf A2 (w) dB()

9 2
——dXx
/Sz n(w) 1+ cos Hd ()

11



If the integral defining G in (17) is finite, then, since the limit exists, we conclude

lim W = 0. O
By the above result it is clear that (11) is a necessary condition to have a finite upper bound
in the frame, see (18).
Next we will use higher order asymptotics to give sufficient conditions for Gy, £ € Ny to be

finite and for (G/)een, to be bounded. We start with an auxiliary relation.

Lemma 5.2. Let ) € Lo(S?) satisfy (8) and (9). Then

.1 (N, na) 2/ 2n(w) ?
lalﬁ)la4< 20+ 1 “ 2 1+Cos0d2(w)

tan?(9) + tan? (—) —Qtan( )tan( )cos(go ¢')
= 8F(1 /Sg /SQ (1 +c059)(1 + cos6')

L bn) L (5) e as(e) o).

+ cos6)(1 + cos8')

n(w)n(w’) dE(w) dE(w)

Proof. Using the integral form (7) of 1I, again, we obtain

1 ((na,ma) 5 / 2n(w) ’
at ( 2041 “ s2 1+ cosf X (w) (25)

(wa - —1 &x(a L 9)1/2(q"L, 0")1/2 L /
/S; éQ PZ a 1 ( 0) a2( 9 ) n(w)n<wl) dE(w) dE(w )

_1 9 1/2 —1,9/ 1/2 4 L /
/Sz /82 a ( | a2( | - (1 + cos@)(1 + cos 0’)) nwn(w) dE(w) dE(w)

=11 + 5.

Now we intend to apply Lebesgue’s dominated convergence theorem to both integrals.

Integral I;: Since Py(1) = 1, there exists a polynomial @, such that

Pit) —1= Q)1 —t), te[-1,1]. (26)
Moreover, the Mean Value theorem and the properties of Legendre polynomials yield

a1

1Q¢ll o =117 < NPl oo (=11p) = Pr(1) = 5

Thus,

—we - wh) K(a™h 0)Y2k(a"t, 07) 12 ,
f= [ [ Quln iy =gl MO O S G ange) asw) . (21)

Now we get

0< 1 —wg w),=1— (sinb,sind, cos(p — ¢') + cos b, cos 0,)
B 4a? tan(6/2) tan(¢'/2) cos(p — ¢') + (1 — tan?(0,/2))(1 — tan?(0.,/2))
(1 + tan*(0a/2))(1 + tan®(6;/2))
o otan?(0/2) + tan?(¢'/2) — 2tan(/2) tan(0’/2) cos(¢ — ')
(1 + tan?(6,/2))(1 + tan?(¢’,/2)) ’

12



so that we can estimate
0< 1—w,-w, <2a? (tan (0/2) 4 tan?(6'/2) — 2tan(6/2) tan(6’/2) cos(p — go’))
< 2a? (tan(6/2) + tan(0’ /2))
< 4a®(tan®(0/2) + tan®(0'/2))
< 4a®(1 + tan®(6/2)) (1 + tan®(¢'/2)) . (28)

Using also (23) and conditions (8) and (9) we obtain an integrable majorant. Finally, (24)

together with

1—wy W

lim 4 = 2<tan2(g) + tanz(%’) - 2tan(%) tan(%) cos(p — <p'))

al0 a?
and
lin Q¢(wa - wg) = Qu(1) = Py(1),
yield by Lebesgue’s dominated convergence theorem
[

tan? (¢ +tan2(9—)—2tan( )tan( ) cos(p — @) — ,
li Iy = $P{(1 /S 2 /S 2 (3) i e (@) dS(w) dS ().

Integral I5: For the second integral I we compute

Ii(a_l,e)l/QE(a_l,Hl)l/Q B 4
a? (14 cosB)(1 + cosb)

k(a7 h0)Y? [(k(a™L, 0012 B 2 N (a1, 0)1/? B 2 2 (29)
- a a 14 cosd’ a 14cosf | 1+cosb

Then we realize that

2 k(a1 0)1/? B 2 202
1+cosf a T 14cosf  (a2—1)cosf+ (a2 +1)
2 2
T 14cosf  (1—a?)cosf+ (1+a?)
o 2(—cosf+1)
- (I1+cosO)((1—a?)cost+ 1+ a?)
o2 2 1 —cosf 9

tan?(2). 30
1+cosf 1+ cosO —a 14 cos@ an (2) ( )

Now (23) and conditions (8) and (9) imply the existence of an integrable majorant. From the
above calculation we can also deduce

1 2 (a1, 0)1/? 2 1 —cosf
lim — = . )
alo a2\ 1+ cosf a 1+cosf 1+ cosb

Now Lebesgue’s dominated convergence theorem yields

- tan?( —i—tan( ) N A5 W
=] () 45 (w) dS().

2 1—|—cos«9 )(1+ cos@')

This completes the proof. ]
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Now we can prove the desired sufficient condition on 7.

Proposition 5.3. Let n € Lo(S?) be such that conditions (8), (9) and (11) hold true. Then the
numbers Gy defined in (17) are finite.

Proof. We split the integral

_ > (Iena; Na) @
Gt _/0 (20+1)a? a (31)

according to R} = (0,¢] U (g, 00), with € to be chosen later on.
Step 1: We first concentrate on the interval (0, ¢], i.e. we discuss
g / * (gna,na) da
! 0o (204+1)a2 a

As in the previous proof, we start at (25) assuming condition (11). Taking into account (27)
with the bounds (23) and (28), and (29) with the bound (30), we get

<HZ77a777a /
———= <16
20+ a2 = " Jo SQ‘QE wa - )|

x (14 tan®(%)) (1 +tan(%)) q +'Z£:’2|)l’17(fls gy P2(w) d2()

tan +tan ( ) ) /
+4a” /82 /SQ 1+ c039 (1 + cos @) In(w)| n(w)] dE(w) dE(w')

< 4a*(UQell Lo -1,17) + 1)m3,

where Q is given in (26) and ma = g, It ()| + |7 (w)] dE(w), where nl! are defined in (14)
and (15), and meg is finite by assumptions (8) and (9). Thus, a subsequent integration w.r.t. %‘1
yields

Jr < 2mse* (4)1Qellpo -1y + 1) = 2m3e* (20(0 + 1) + 1) .

Step 2: It remains to deal with the integration over [e,00). But here we get the desired

estimate more directly: Since Il; is an orthogonal projection and D, a unitary operator, we find

(Wena, na) = |MeDanl* < [[Dan]|* = |0l
and consequently

1 > Inll> [ da _ |nl* e
I aa 4@ _ < 32
2€+1/5 (Mettas 1a) —2£+1/ B3 241 2 (32)

This completes the proof. ]

Another slight variation of the above arguments together with fixing a particular choice for the
parameter € leads to a significant improvement of the /-dependence, at the cost of an additional

assumption on 7.

Theorem 5.4. Let n € Ly(S?) be such that conditions (8), (9), (10) and (11) hold true. Then

the sequence (Gy)y is bounded.

14



Proof. In order to show that (Gy)y is bounded, we again split the integral (31) according to
R} = (0,€] U (g,00). Fixing the choice e 72 = 2(2¢ + 1), from the estimate (32) it immediately
becomes clear that the integral over (g, 00) is uniformly bounded by ||n]/2.

Thus it remains to consider the integral over (0,¢]. As in the previous proof, we start at (25)
assuming condition (11). Taking into account (27) with the bound (28), and (29) with the
bound (30), we get

H as 'ja ,
o i < | /SJQf )| (1 () (1 + tan(§)

-1 0)1/2 ( -1 9/)1/2

[n(w)] In(w)] dX(w) dS(w) (33)

tan?( +tan( ) , ,
+da? /S [ ) )] dE) s (3

Setting

Oy = /82 %(1 + tan?(%)) dS(w),

which is finite by assumptions (8) and (9), we can estimate the integral (34) by

tan?( +tan( ) , , 9 9
dx < 4 .
[ [ S ) )] d2() 45 < 407

Next, we define

Cy := esssup M

200
es? 1 —cost (1+ tan’(3))
w

which is finite by assumption (10). After rewriting (33) as

4a? /S2 SZ‘Q@W w)}(l—i—tan( Hl/a))(1+tan( 1/a))

wla. 0 2k(a. 0)1/2
r(a,6) 2( ,0") In(wya)l In(wf /)] d5(w) dS(w')

a

K(a79)1/2 < 2
a

< =55 We can estimate this by

and applying

2
16a2< €ss sup M(1 + tan2(§91/a))> / ‘Qg(w : w’)‘ d¥(w) dX(w)
w=(0,p)€S? 1—cosf S2

= 164 < ess sup M(l—i—tan %) ) / |Qu(w - )| d(w) dS(w')
=(0,p)€S? 1 COS@a 2 .J§2

< 16a*C35 /SQ /SZ 1Qu(w - )| dE(w) dE (W),

where at the end we used a < ¢ < 1, which implies 8, < 6 and thus 1 —cosf > 1 — cosf,. To
calculate the last integral, we observe for @y defined in (26) and for fixed w = (6, ¢) that

[ 1ste-anldz@) = [ 1Qutus R )las(e) = [ 1Qutes o)l dne)
2
:/ / |Q¢(cos@")| sin0"db” dp"”
0 0

1
- 27T/1 |Qe(s)| ds = 2[|Qell Ly ((~1,1)) »

15



where the rotation R, maps w onto the north pole e, and we used the substitution s = cos#”.

We conclude
/Sz /Sz Qe(w - W) dE(w') dE(w) = 872||Qell 1, (- 1.1))-
Arranging everything together, we arrive at

<H€77aa 7]&)

(0 Dz = 200 (1 1Qellzy 1)

where Cjs is a suitable constant, which implies the estimate

/6 (gna,na) da
0

m z < 0352(1 + HQZHLl([—I,l})) . (35)

Recalling € ~ ¢~ it remains to show that [|Q¢||z,(-1,1) = O(f). Based on the Mean Value
Theorem applied to Py, we have for every x € [0, 1] that

1 — Py(x)

0(+1)
: .

<Pl teqo)) = 5

|Qe(x)| =

Thus, we obtain

/ 11 Qw)ldz = [

1 — Py(x)
1—=z

1
dx + /“ |Qe(z)|dx

¢

2 (£—71+1)+€(€+1)<1_£—71)

~1- 5—71 1 2 1
(+1 9-3
=2(20-1 —_— =
-1+ =222
which shows that the right-hand side of (35) is uniformly bounded. O

6. Stereographic projection and moment conditions

In this section, we consider an isometric transform of the mother wavelet n based on the stereo-

graphic projection. Recalling the definition of nm and 77[2]

given by (14) and (15), we reinterpret
the cancellation condition (11) on nll as a vanishing mean condition of the transformed 7 and
integrability condition (9) of n as existence condition of the second moment of the transformed
1. The interesting relation between the cancellation condition and the transformed admissible
function was already discovered by Antoine and Vandergheynst [3].

The stereographic projection allows to map S? without the south pole onto the real plane. In

polar coordinates in the plane the stereographic projection and its inverse are given by

0,p) — (tan(%),g@), (r, ) — (2arctanr, ),

respectively. The stereographic projection allows to map functions on the sphere to functions

on the real plane and vice versa. The following lemma corresponds to [3, Lemma 3.5] under the

1—r2

correspondence 2 arctanr = arccos 1,z

16



Lemma 6.1. The mapping © : La(S?) — La(Ry x [0,27), 7 tdr dyp), defined by

(@f)(?’, 90) = 1 _i_rrg

is an isometric isomorphism. Moreover, the usual dilation D} on R?, which can be written in

polar coordinates as (D} f)(r,¢) = f(r/a, ), fulfills the relation ©D, = D} O.

f (2 arctanr, cp)

Proof. Since § = 2arctanr if and only if r = tan(6/2), we get

@ 2
dr 1472’
and furthermore
2tan(6/2)  2r

sin6 = 1 +tan?(0/2) 1472

Inserting this, we conclude

2m
10117 (k. w0,.2) - i) :/ / (©F)(r, @) Pr~" drdy

2
/ /<1+T2> f(0,9)*r _11+r df dy
27
:/0 /0 F(0.9)[*sin0 db dp = || >

Thus, © is an isometry, and obviously bijective. For the second part, we have on the one hand

(©Duf)(r,¢) = O[r(a,0)"2 f(2arctan(2 tan §), )] (r, ¢)

2
= k(a,2arctan r)l/QH%f(Q arctan(r/a), ¢),
r

1—72
1472

and since cosf = we further get

12 _ 2a ~ 2a(1+ r?)

2 arct = = .
K‘/(aq arctan T) ((L2 B 1) %;:z + (CL2 + 1) 2@2 + 27-2

On the other hand,

2r
+ _ Dt .
(DO£)(r,¢) = DY | 3 f (2arctant, ) (. 0)
2
= mf(Q arctan(r/a), cp) ,
which finally shows ©D, = D} 0. O

Remark 6.2. The substitution r = tan(6/2) also yields the new interpretation of the cancellation

condition (11) on 0l and the integrability (9) of n?\. First, we obtain

2T 2T
/ / 1+C08031n«9d6d<p / / v)tan(6/2) df de
21
/ / 1 15,2 drdyp
27
= / / (©n)(r, p)drde.
o Jo

17



Thus, nm is integrable if ©On is integrable w.r.t. the Lebesque measure as a function on Ry X
(0,27). The cancellation condition on ' becomes a vanishing mean condition for ©n w.r.t.
the Lebesgue measure dr dy on (0,00) x (0,27). Note that this is neither the Lebesque measure
on R? in polar coordinates, nor the measure considered in Lemma 6.1.

Similarly, we can rewrite

(0, ¢) 200 /QW/ 2
n2(%) dx ) © ©.
/§2 l—i—coseta (3)d o Jo r(On)(r, ) drd

Hence the integrability condition for n'? turns into the existence of the second moment of ©n
when considered as a function in La((0,00) x (0,27),dr dy).
Finally, the boundedness of —=—5(1 + tan2(%)) transfers to the decay of ©n as r — 0 and

r — 00, respectively, in view of

Ul 2,04 _ (1+12)?
@(1_0089(1+tan (2)> 92 On.

Remarkably, the conditions for n to be admissible resemble conditions for the Fourier transform
of ©n to be a wavelet in R? — weighted integrability and decay towards the origin (+— smoothness

and vanishing moments, respectively, for the wavelet).

7. Lower frame bound

In this section, we are concerned with sufficient conditions for the invertibility of A, and bound-
edness of A, 1. In Proposition 7.2, we prove that the numbers Gy, ¢ € Ny, are positive if 7
defined in (16) does not vanish, and in Theorem 7.3 that these numbers are indeed uniformly
bounded away from zero under Assumption (8). Since [3, Prop. 3.4] claims the same, we start

with a remark pointing out the differences.

Remark 7.1 (Relation to [3, Proposition 3.4]). The first part of the proof of Proposition 3.4
in [3] is devoted to show that Gy > 0 for every ¢ € Ny. It ends with the claim that the fact
that the convolution of some functions vanishes for all parameters a > 0 implies that one of the
functions is zero. However, the convolution of two functions vanishes if their respective Fourier
transforms have disjoint supports. Therefore, we invest some work in proving Gy > 0 in the next
proposition.

The second part of the proof in [3] deals with the uniform boundedness of (Gg); away from
zero. At the end of the proof, it is stated that ’the only contribution of the integral over 0 comes
from the region a ~ 1/€’ — that intuition is correct. However, with increasing ¢ these regions
become smaller and smaller, so that we were unfortunately not able to follow the subsequent

argument. We will therefore address the issue again in the subsequent Theorem 7.3.

Proposition 7.2. For every n € Lo(S?) satisfying (11) the numbers Gy, { € Ny are strictly

positive.

18



Proof. Step 1: Let £ € Ny be fixed. By definition of the zonal projections, we have

Menal® = D~ 1Y ma)* = D 1iall,m), (36)

Im|<¢ Im| <t
where 7,(¢,m) = (14, Y;™). Thus it suffices to show that |7,(¢,0)> > 0. Note that in the
particular case of an axisymmetric function 7, i.e., n is independent of the longitude ¢, we have

actually [7,(¢,m)| = 0 for all m # 0. Using Lemma 6.1 we rewrite the Fourier coefficients as
a(£,0) = (Dan, YY) 1,s2) = (ODan, ©Y) 1, (r2)

27 [e'e) d’l"
= (D On,0YY) 1, ®2) :/0 /O (©Y) (1, ¢)(On)(r/a, s0)7d<p'

As Ye0 does not depend on ¢, we may assume w.l.o.g. that n is axisymmetric, otherwise we
simply replace n by 77 as defined by (16). Then the ¢ integration just produces a constant factor

2. Moreover, denoting §(r) := g(r—1), we obtain, up to a normalizing factor depending on ¢,

B(0) ~ 2r [ (OlPicos D) O a/r) -

The last integral can be understood as the convolution of the functions ©[F(cos-)] and (0n)",
defined on the multiplicative group R} equipped with the corresponding Haar measure %.
Thus, for Gy = 0 to be true for some ¢ € Ny, this convolution needs to vanish for every a > 0.
However, the convolution of two functions can only vanish if their respective Mellin transforms
have disjoint support.

Step 2: The Mellin transform of a function g : (0,00) — C which is locally integrable w.r.t.
the Haar measure %, is defined by
dr

r

(M) (s) = /0 " rglr)

It is then easy to check that M(f % g)(s) = Mf(s)Mg(s), where f * g is the convolution in

L (R, %) We are now interested in the Mellin transform of

T —7’2
0[P (cos ))(r) = o5 o ).

1-r2 2_1-p
1+p?

/"OTS 2r PZ(l—rQ)dr
0 1+ 172 1+72/ r

L1 —pys/2 1
- [LG0) 0B s e

1 1 s+1
— [ a=0Fa ) T R,

we obtain

@
3
—

o

]

n
—
—

»
~—

Il

From this we can conclude that the integral converges precisely for —1 < Rs < 1, since the

Legendre-Polynomials are non-vanishing in the endpoints. Moreover, it is readily checked that

19



it actually defines an analytic function on this open strip. As a consequence, the set of roots of
M([O[Py(cos-)]] cannot contain a cluster point.
For functions f € Ly((0,00), %)M Ly((0,00), &), the particular line s = §+it, t € R, is always

contained in the domain of convergence. This gives rise to an isometry M : Ly((0, 00), dr) —

Ls(R) with
—Ht
(0= o= / £

This version of the Mellin transform inherits the convolution property, i.e.,
VamM(f % g)(t) = MF(H)My(t),

for almost all ¢ € R and for all f, g € La((0, 00), %)

Applying this general theory to our present situation we conclude that the function M [©[Py(cos-)]]
has global support. Therefore 7,(¢,0) vanishes for all a > 0 exactly when M [(©n)Y] = 0 and
hence only for n = 0. U

For convenience, we provide an alternative proof of the proposition in the appendix.
To prove that (Gy), is bounded below by a strictly positive constant it suffices by Proposition
7.2 to show that liminf, ., Gy > 0. This is the content of our final theorem.

Theorem 7.3. Let n € Ly(S?) satisfy (8). Then

o da
YO u 2 =Y
| e S
o 9t _ > d
> 47r/0 </0 T e Jo(2¢t)n(2 arctant) dt) ?c , (37)

where 1 is defined by (16). Furthermore, if (13) holds true, the sequence (Gy)ien, s bounded

lim inf
=0 204+ 1

below by a strictly positive number.

Proof. Step 1: For deriving a lower bound for the numbers Gy, it suffices to consider in (36)

the term with m = 0, more precisely,

1 1
> _ - 0
Ge> g [ 10

For the scalar product we obtain

24

L) = (Do ¥Pn) = [ sta™ oy E D Piteosto. o, 0) a5

§2 47
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To simplify the notation, we assume 7 to be axisymmetric. Then we get

1 o0 da

> 0 2 da

Go> g [0
1 [ 1oL % da
- / w(a™",0)3 Pulcos(6a)n(6) a5 | %o

2 2 da
{/ / a tk(a 2Pg(cosﬁ) n(0) sin@d@dg@] o

7T/o [/0 a tr(a™! 9)2Pe(cost9) 9) sin9d0]2ai?

<[ 2a72 ) ® da
77/0 {/0 (@2 Dcos0 (@t 1)Pg(COS 0q)n(6) smﬁdﬂ] o

° g sin 0 2 da
_471'/0 UO (1_a2)cose+(1+a2)Pg(cos¢9a)n(9)d0] =

As a next step, we deal with the inner integral.

Step 2: For every £ € N, we define f, : Rt — RT as

& sin 2
fo(a) = UO (1_aZ)COSGQ_'—(1+a2)Pg(0059a)n(9)d9] :

For brevity, we set
sin 6

o(0) := .
fia(0) 1+ cosf + a?(1 — cosf)

Then
2

fula) = [ [ ra@)Pcosn(0) de] ,

and our aim becomes to show that f ! f‘*a‘l) da has a strictly positive lower bound which is

independent of . We have for all § € (0, 7) that

lim #54(0) = o (0), (38)
0 < ka(0) < Ko(#) = tan g (39)

Using the Taylor expansion of 8, = 2 arctan (a tan %) with respect to a at a = 0, we see that
o 3
0, = 2a tan 3 + Op(a?), (40)

where the subscript of Oy says that the constant of the Landau symbol O depends on 6. The
formula [27, Theorem 8.21.6] states that

Py(cos () = \/QJO ((H ;) C) +O(63),

uniformly in ¢ € [0, 7 — ] for some fixed € > 0, where Jy denotes the Bessel function of order 0.
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Let ¢ > 0. Then we conclude for a = 7 that
J {4+ L 0 O
0 7)) < )

0
P Oc) = -
¢(cos f) sin 9%
0< (20+1)c. 6 c 3
= — tan — + O Ol =2

sin 0 0( 1 an2+ 9<£2>)+ ( 2)’
where the last line follows from (40). Taking the limit £ — oo, we obtain for all fixed 6 € [0, 7)
in view of limy_, o 9% =0 that

lim Py(cosf<) = Jo <2ctan 2) (41)
Combining (38) and (41), we get the pointwise limit
0
lim ke (6) Pr(cosf<)n(0) = ro(6) Jo <2ctan 2>n(9).
(42)

{—00
Next, the bound |Py(z)| <1 for all z € [—1, 1] together with (39) implies

|ree (0) Po(cos ) n(0)] < |ro(0) n(0)]

The function |kg 7| is integrable on (0, 7) by assumption, and hence, by Lebesgue’s Dominated

Convergence Theorem, we obtain
2
(0) Py(cos 9%) n(0) d0>

: c N
pim 10 () = (] pm
s 9 2
= / ko(0) Jo 2ctan§ n(@)do | =: f(c).
0
) da. For every fixed k£ > 0 and b > 1, we have

ij/w

Step 3: We want to estimate the integral f oo fe(a) £
( )dc

/Oofe(a)ci?Z/ooofe = CZjZk_:k/bjilfz<c

0
Since fy(7) converges to f(c) for £ — oo pointwise with respect to ¢, and using (42) to estimate

=([roomona)

‘fe
independently of ¢, we verify for every j that
b b b x 9 2

lim fe ( ) dc = f(e) / </ ko(0) Jo (2ctan >77(9) d@) dc

L—00 Jpi—1 pi—1 bi—1 0 2

This implies
00 k b7 T . 2

o fo(a) / / sin 0 0
1 f —— Jo| 2ctan— |n(0)do ) d
lzrglog/o a Z bi—1 o 14cosf 0| “etany n(6) ¢

1 e 2 de
E (/0 T t2 Jo(2ct)n(2 arctant) dt) -, (43)
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where the last line uses the substitution ¢t = tan§ leading to cosf = th, sinf = th, and
df = 1%:?2. Noting that (43) is valid for all k, we conclude
> 1 [/ [ 2t > d
lminf [ 29 44 > = / / = Jo(2ct)p(2arctant) dt ) . (44)
{—00 0 a b 0 0 1 + t2 C

Further, the fact that this estimate holds for all b > 1 implies the lower bound (37).

Step 4: The inner integral in (44) is the Hankel transform of the function g(t) := lftg n(2arctant),

evaluated at 2c. Parseval’s theorem for the Hankel transform [20] states

| tapa= [

This implies that for any non-zero function n (which particularly entails g # 0) the right-hand-

2
de.

/000 tg(t)Jo(ct) dt

side integral is not zero. Thus, there exists 1 < B < oo such that

B
|
0

2
dec >0,

/00 tg(t)Jo(2ct) dt
0

which in turn yields

B oo 2 de 1 B oo 2
/ / tg(t)Jo(2ct) dt > — / c / tg(t)Jo(2¢t) dt| de > 0.
0 0 ¢ B2 Jo 0
Ultimately we conclude that (44) does not vanish so that
hm 1nf Gy > 4m hm mf/ fela) — > 0. O

Remark 7.4. We conjecture that (under slightly stronger assumptions on n) the limit indicated

below exists, and

liml/oo|(Y0 >|2da 4 /OO /7r () Jo( 2ctan ® ~(9)4020[6
S 201 ), Vel gy AT, R el setang ¢’

A proof of such a result would again require to determine an upper bound for fo(7), but integrable

w.r.t. %, which in turn would lead to an alternative (and stronger) proof for the upper frame

bound.

Let us summarize the results leading to the proof of our main theorem.

Proof of Theorem 3.1. Assertion i) of our main theorem is a consequence of Proposition 5.1
and Theorem 5.4.

Assertion ii) of Theorem 3.1 was shown in one direction in Theorem 7.3. To prove the “only

27
/0 n(0,¢)dp =0

if”-part assume that
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for almost all 6 € [0, 71]. Then

s 27
<na,Yoo>=<n,D1/a%°>=<n,Po>=/0 (/0 (0, ) dp) sin6 do = 0

since Yj = Py is a constant, so that Dy, Yy = Y. Hence, |[IIgn,|* = 0 so that Go = 0. O

Finally, we prove Lemma 3.2, which corresponds to Proposition 3.7 in [3]. Here we provide a

shorter proof.

Proof of Lemma 3.2. The result is an immediate consequence of properties of the stereographic

projection in Lemma 6.1, namely

S?lC—i(—COSH /%/ (©Q)(r,p)drdyp = — /ZW/ (©C)(s/a, ) ds dp

:aA%A<QWO@www

_ 1 _ 1 [ Dal(0,¢)
= 04/0 /0 (©DaC)(s,p) dsdp = — . de(w). O

A. Alternative proof of Proposition 7.2

In addition to the transform © from Lemma 6.1, we define a second transform J : Lo(R4 X
[0,27), 7" Ydr dp) — La(R x [0, 27), dr dp) via

(T ) 0) = fle",9), [ € LRy x[0,2m)).
Then it is straightforward to check for arbitrary b € R that
JD7, =TT,

where T, f(r, ) := f(r — b, ¢). Setting 375” = JOY,", we find for every (r,¢) € R x [0,27) that

~ 204+1 (£ —m)! (—=1) ,
17@@—¢ E LM U™ o peine

4w (L +n)! coshr

—¢m+n“‘?k4Wwvww, (45)

where ¢} (r) := mP"(tanh 7). For simplicity let us once again assume that n(6, ¢) = n(0).

In this case, we have

1 da
=— I, D1l
Gi= gy [ IMDanl? 55

1 _
:2£+1/ \<Dem,n0>{ e 2 db

2£+1/ (TODwn, TOYY)|* =2 b,
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where the last equality holds since both © and J are isometries. Let ¢ := J©n. Then for every
b € R it holds
JODn = jD;;@n =T, J0n = Ty.

By (45), we also have
TOYY(r,0) =Y (r.0) = VU + 1){(r).

Therefore we obtain
“ :/ (T, 6)[* e db = / (FTy, Fod)|* e db
R R
B / (Mo, Fo)|* e db= / |7 (FRFO) ) e db.
R R

Hence, for Gy = 0, we need that the function F~! (.7: qﬁ? .7:71#), and thus F qﬁ? F1), vanishes almost
everywhere. However, since ¢J(r) < e™", the first factor F¢{ is an analytic function, more
precisely, it can be extended to an analytic function on the strip {z € C : |Rz| < 1}. In
particular, it has only isolated roots. This implies that Gy = 0 is only possible if F1 vanishes

almost everywhere, which in turn contradicts the assumption 77 # 0. O
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