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Computations in high-dimensional spaces can often be realized only ap-
proximately, using a certain number of projections onto lower dimensional
subspaces or sampling from distributions. In this paper, we are interested
in pairs of real-valued functions (F, f) on [0, 00) that are related by the pro-
jection/slicing formula F(||z]]) = E¢[f(|(z,£)|)] for z € R?, where the ex-
pectation value is taken over uniformly distributed directions in R?. While
it is known that F' can be obtained from f by an Abel-like integral for-
mula, we construct conversely f from given F' using their Fourier transforms.
First, we consider the relation between F' and f for radial functions F(|| - ||)
that are Fourier transforms of L! functions. Besides d- and one-dimensional
Fourier transforms, it relies on a rotation operator, an averaging operator
and a multiplication operator to manage the walk from d to one dimension
in the Fourier space. Then, we generalize the results to tempered distribu-
tions, where we are mainly interested in radial regular tempered distributions.
Based on Bochner’s theorem, this includes positive definite functions F'(|| - ||)
and, by the theory of fractional derivatives, also functions F' whose derivative
of order |d4/2] is slowly increasing and continuous.

Keywords: Radial functions, Fourier transform, slicing, fast summation,
random Fourier features

1. Introduction

Radial functions play an important role in approximation theory [9, 61], kernel density
estimation [37, 46], support vector machines [54, 55], kernelized principal component
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analysis [51, 52], simulation of optical scattering [15, 30], distance computations between
probability measures [22, 57] as well as dithering [12, 19] in image processing, to mention
only a few. Recently, they have found applications in machine learning in connection with
Stein variational gradient descent flows [34] and Wasserstein gradient flows [2, 16, 23].
A central issue in the above applications is the fast evaluation of radial functions, more
precisely, the computation of “convolutions at nonequispaced knots”

N
si=3 oiF(|lzi—zl), j=1,...,N (1)
i=1
for large N € N, where z; € R? and a; € C. Throughout this paper, let || - || be the

Euclidean norm on R?, where the dimension becomes clear from the context. Certain
methods for high-dimensional data z; € R?, d > 1, were proposed in the literature. A
popular one, called random Fourier features [45], was analyzed, e.g., in [24, 56] and found
recent applications for ANOVA approximation [41] and domain decomposition [33].

The Random Fourier features (RFF) method assumes that F(|| - ||) is positive definite
on R? (see Section 4.4 for the definition), so that Bochner’s theorem ensures the existence
of a positive measure p such that F(]| - ||) is the Fourier transform of p. Then,

D
) 1 )
F _ 727r1(x,1/)d ~ —27i(z,vp) e Rd
(ol = | 2 duo) 55 e,z R
p=1
where v1,...,vp are iid samples of p, and the sum in (1) can be approximated for
7j=1,...,N as
N 1 D _ 1 D . N .
5~ Z anﬁ Z eQm(xjfmn,vp) _ 5 Z e27r1(zj,vp) Z aneme(:vn,vp). (2)
n=1 p=1 p=1 n=1

The inner sum over n is independent of j and needs O(DN) arithmetic operations.
Afterwards all s; can be computed in O(DN') too, so that the total arithmetic complexity
of computing (2) is O(DN).

Another technique, called ”slicing” [26], is well-known in the context of optimal transport
[7, 8,43, 44]. Tt reduces problem (1) from R? to a several one-dimensional problems. It is
based on the existence of a one-dimensional function f such that the slicing (projection)
formula

F(lz]l) = Bentt, If (2, 6] @ € RY, (3)

holds true, where the expectation value is taken over the uniform distribution Ugs—1 on
the unit sphere S¥~! € RY. In other words, a radial function F o || - || fulfilling (3) can
be evaluated at € R? by projecting it onto lines of different directions ¢ through the
origin, see Fig. 1, followed by evaluating a one-dimensional function f at the projected

points (z,§).



To compute the sum s with slicing, the function F' is approximated using P quadrature
points &;,...,&p € S¥1 via

1 P

F(l2ll) = Eenag,,, [ (2. D] & 5 > F(1{:&))-

p=1

Inserting this into the sum (1) yields for j = 1,..., N the approximation

| BN
8j ~ FZZ%J‘(I%-%&)!)- (4)

For certain functions f, one-dimensional summations of the form (4) can be done in a very
fast way, e.g., via sorting or fast Fourier transforms at nonequispaced knots [26, 32, 40],
as done in various applications [4, 11, 28, 29]. Extensive numerical comparisons between
the slicing summation and various RFF-based approaches can be found in [27]. Note
that (4) can be viewed as an approximation of F(|| - ||) by the ridge functions f(|{-,£)]),
cf. [38, 59], but we require it to be exact in expectation.

The relation between F and its sliced version f in (3) is given by the Abel-type integral

1 d—3
F(s) = ca /0 Flts)(1— 12)"F e (5)

with some constant ¢4. Note that in [26], functions F' having a power series were consid-
ered to determine their slicing functions f. In contrast to RFF, slicing is not restricted
to positive definite functions F o || -||, and indeed it works also for other functions, which
are of interest in applications, like Riesz kernels || - ||", » € (0,2) or thin plate splines
| - |I*log || - ||. However, we see from its integral representation (5) that F: [0,00) — R
must have some smoothness properties. Indeed, (5) is closely related to Riemann—
Liouville fractional integrals, and the injectivity of the transform (5) if f € L'(R) as
well as the inverse transform, which determines f from F', can be deduced via fractional
derivatives, see Appendix E. However, the resulting integrals are often hard to evaluate,
and we will follow another approach.

In this paper, we are interested in the relation between F' and f from a Fourier analytic
point of view. More precisely, we show how f can be obtained from a radial function
Fo||-| that is the Fourier transform of a radial L! function. Then we will see that this
is a special case of a recovery formula for radial regular tempered distributions. Since
measures can be considered as tempered distributions, the latter one also includes pos-
itive definite functions appearing in Bochner’s relation. Radial tempered distributions
were already considered in the literature, e.g., in [14, 21]. However, to the best of our
knowledge, our rigorous proofs of certain properties needed for our approach are novel.
The dimension reduction from a multivariate, radial function F o || - || to a univariate
one fo|-|in the Fourier space can be easily realized by applying a multiplication oper-
ator arising from a variable transform, and is actually what we call ”dimension walk”, a
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Figure 1: Projection of points x1,...,r5 € R? onto the line in direction &.

notation borrowed from Wendland [61, Chap. 9.2]. We are completely aware that also
projections onto larger than one-dimensional subspaces may be of interest, but are out
of the scope of this paper.

Outline of the paper: in Section 2 we introduce our two main players, namely the rotation
operator and its inverse, the averaging operator. Then we recall the relation between
the slicing formula (3) and the Abel-like integral (5). The ”dimension walk” is realized
by a multiplication operator. Moreover, we determine the smoothness of functions F
determined by the Abel-like integral. Then, in Section 3, we show as a starting point,
how the function f in (5) can be computed from a radial function F o || - || that is the
Fourier transform of a radial L' function. As a by-product of the smoothness result
for the Abel-like integral, we will see that the Fourier transform of a radial function in
R? is |(d-2)/2] times continuously differentiable, a result that should be known in the
literature, although we did not find a direct reference. In Section 4, we first recall the
definition of radial Schwartz functions and prove that the averaging and rotation operator
are continuous operators on these spaces. This allows to generalize the reconstruction to
radial regular tempered distributions. Clearly, this is more general than the approach in
the previous section and we provide in particular two examples. Since measures can be
treated as special tempered distributions, we obtain an inversion formula that is valid
for all positive definite radial functions Fo||-|| based on Bochner’s theorem. Conclusions
are drawn in Section 5. Auxiliary technical results are postponed to the appendix.

2. Rotating, Averaging and Slicing

We denote by C(R?) the space of complex-valued continuous functions, by Cy(R?) the
Banach space of bounded continuous functions, and by Co(R?) the Banach space of
continuous functions vanishing for ||z|| — oo with the norm

[@]|o0 := sup |®(z)].
z€R4



Let C°°(R?) be the space of infinitely differentiable functions. Further, let LV (R?),

p € [1,00), denote the space of locally p-integrable functions and L;, (RY) the space of
locally bounded functions.

We are interested in radial functions ®: R¢ — R, which are characterized by the property
that for all z € R?,
O(x) =0(Qx) forall Q€ O(d),

where O(d) denotes the set of orthogonal d x d matrices. We need two operators. The
rotation operator R4 associates to F': [0,00) — R the radial function R4F': R? —» R
given by

RaF = Fol|-]. (6)
Since every function F': [0, 00) — R can be identified with its even continuation F': R —
R, we define R4 alternatively for all even functions on R. Every radial function is of the
form (6). The spherical averaging operator Aq assigns to a function ®: R? — R, which
is integrable on every sphere rS?~!, r > 0, the function A;®: R — R defined by

wdll /Sdl P(r§)dg = EENUSd_l [@(r¢&)] forall reR. (7)

Ag®(r) =

Note that as soon as ® is continuous on R?\ {0} or ® is radial, the function Ay® is
well-defined. By definition Ag4® is an even function, i.e., Ag®(r) = Ag®(—r), r € R and
we have for d = 1 that

A1®(r) = 3 (®(r) + ®(—r)) forall reR.
Moreover, we obtain by definition that
Ag(@oQ) = AP forall Qe O(d).

The operator Ay is the inverse of R4, meaning that for every even function F: R — R
and r > 0 it holds

(Ag o Ra)F(r) = Eenayy, [F(|IrE]])] = F(Ir]) = F(r), (8)

and conversely for every radial function ®: R — R and z € R? we have
(Rao Ad)®(2) = (Aad)([l2]) = Eemar,y , [@(]2]|€)] = D (a). (9)

The following theorem considers special radial functions of the form (3).

Theorem 2.1. Letd € N, d > 2 and let f € L{, ([0,00)). Then the function F': [0, 00) —
R fulfilling the slicing relation

Rakl" = Eenrgy, [f (15 D] (10)
is determined by the Abel-type integral

F(s) = cd/ol Fts)(1 — 12)° 5 dt = cdé /0 rw(1- tz) dt, (11)

52

2wg—2

where cg = Ry

d/2
and wqg—1 = % denotes the surface measure of ST1.



In the context of slicing, the last theorem was recently proved in [26]. However, as
outlined in the next Remark 2.2, the slicing relation (10) equals the adjoint Radon
transform applied to a radial function. In this context, Theorem 2.1 constitutes a special
case of [47, Lem. 2.1]. For convenience, we add the short proof of Theorem 2.1 in
Appendix A.

Remark 2.2 (Connection with the Radon transform). The Radon transform assigns to
a function ®: R — R its integrals along all hyperplanes and is defined by

R®(£,t) = / O (x + t&)du, ces™! teR,

1

where dx is the integration along the hyperplane &+ = {x € R? : (x,€) = 0}. The dual
or adjoint Radon transform R* is given for U: ST 1 x R — R by

R¥@) = [ Welegue  aeR

see [35]. If W is radial, i.e., independent of its first argument, we can write it as
U, t) = f(t) for some function f: R — R. Hence, the dual Radon transform of such
radial function is exaclty the slicing relation (3) up to the constant wq—1. Note that also
formulas for the Radon transform of radial functions are well-known and of similar the
structure as (11), but not identical, see [25, proof of Thm 2.6]. An inversion formula
for the adjoint Radon transform based on the Riesz potential was shown in [53] and [59,
Thm. §].

The following theorem, whose proof is given in Appendix B, clarifies smoothness prop-
erties of the function F' in the Abel-type integral.

Theorem 2.3. Ford € N withd > 3, let f € L] .([0,00)) for odd d and f € LE. (]0,00))
with p > 2 for even d. Then the function F' defined by (11) is [ (d=2)/2]-times continuously
differentiable on (0,00). Moreover, if d is odd, then the |(d=2)/2]-th derivative of F is
absolutely continuous. This result is optimal in the sense that there exists a function

f € L2.(]0,00)) such that F is not |d/2] times differentiable.

loc

In (11), two integral formulas for F' are provided. The first formula can be used to show
that F' € C"((0,00)) if f € C"((0,00)), by applying the Leibniz rule for differentiation
under the integral sign. The second formula is useful when f is not differentiable. In this
case, the smoothness of F' is determined by the term (1 — tZ/SQ)%. The smoothness of

F' is then determined by the number of integrable derivatives of (1 — tQ/SZ)%. Since the
exponent (d-3)/2 causes (1 — tz/sQ)% to exhibit a different number of integrable deriva-
tives depending on whether d is even or odd, we make this distinction in Theorem 2.3.
The case d = 2 is special, because here (4-3)/2 = —1/2 is negative and (1 — t*/s2)~/2 has
a pole at s.



Using the theory of fractional integrals and derivatives it is almost possible to reverse
Theorem 2.3. However we need to assume |d4/2] instead of | (¢—2)/2] continuous derivatives
of F' in order to guarantee that F' can be sliced. The statement and proof of this claim
can be found in Theorem E.1 in the appendix.

In the rest of this paper, we are interested in characterizing f from given F, i.e., the
inversion of the Abel-like integral transform (11), where we want to use Fourier analytic
tools.

3. Slicing of L! Functions

We start with functions F' that are Fourier transforms of absolutely integrable functions.
Let LP(R%), p € [1,00), be the Banach space of p-integrable functions. The Fourier
transform Fy: LY(R%) — Co(RY) is an injective, linear operator defined for ® € L!(R%)
by

O = Fy0] = / e @) (1) da. (12)
R4
If & € L'(RY), then the inverse Fourier transform reads as
d=F,; 0] = / 2™ (v) do.
Rd

On even functions, and in particular radial functions, the Fourier transform coincides
with its inverse. Moreover, the Fourier transform of a real-valued, radial function is
real-valued again, and we have ® o Q = ®o Q for all Q € O(d). For p: R — R, we define
the multiplication operator by

Map(r) = p(|r])|r|®t forall reR.

By definition, M p is an even function. We obtain the following novel inversion result.

Proposition 3.1. Let d > 3. Assume that F: [0,00) — R fulfills RqF' = Fa[Rap] for
some function p: [0,00) — R with Rgp € L*(R?). Then the function f:[0,00) — R
given by the corresponding even function

f =251 (F1 0 Ma)lp] € Co(R), (13)

fulfills (10), where p is also considered evenly extended here. If in addition RqF €
LY(RY), then

=LY FioMgoAjoF;t oRy)[F). (14)



Proof. Using that v = ||v||€, where ¢ € S¥~!, we obtain by assumption
Raf(@) = [ e o] do

— / / 6727ri<x,£>r p(T)T’dil dr d¢
Sé-1 Jo
1 .
_ / / e—27r1(x,§)rp(,r)|r‘d—1 dr d§
2 Sd—-1 JR

_ % /S  AMapl(l(, ) d
— ety [“5(F1 o M)l (, E)))]

On the other hand, we have by Theorem 2.1 that f with (11) fulfills
RaF(x) = Eeagy o [f ([(2, O] -

This implies that f = “4-1(F; o Mg)[p] fulfills (10). Since Rgp € L'(R?), we know that
Myp € L'(R) and hence its Fourier transform is continuous, so that f € Co(R) is even.

If in addition RyF € L*(R?), then Rgp = F; ' [R4F] and by (8) further p = (Ag0F; o
Raq)F. Plugging this into (13), we obtain the second assertion. O

Remark 3.2. The last theorem can be seen as the analogue of the Fourier slice the-
orem [35], which connects the Fourier transform of a d-dimensional function with the
one-dimensional Fourier transform of its Radon transform. However, our theorem is a
slice theorem for the adjoint Radon transform of radial functions, cf. Remark 2.2. An
alternative proof of (13) can be derived from Solomon’s inversion formula of the adjoint
Radon transform [53, Eq. (8.2)], which is stated in terms of the Calderén—Zygmund
operator [10, Def. 1]. Using the Fourier slice theorem combined with the equality [53,
E1. (2.18)], equation (13) can be recovered for certain Schwartz functions.

Let us note that another characterization of Fourier transforms of radial L' functions is
given by the following remark, see, e.g. [20].

Remark 3.3. The Fourier transform of a radial function Raqp € L*(RY), d > 2 is also
a radial function and can be written as

FalRap) (@) = 2l [ plryr s 2ol ar
0
where Jaj,_1 denotes the Bessel function of first kind of order d/2 — 1.

Combining Theorem 2.3 and Proposition 3.1 gives the following corollary.
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Figure 2: Abel-type transform of the confluent hypergeometric distribution f results in
the Gaussian F' (d = 10).

Corollary 3.4. The Fourier transform of any radial function from L'(R?) is [(d-2)/2]
times continuously differentiable on R\ {0}.

Proof. Let ® = Rgp € LY(R?) for some p: [0,00) — R. Then the Fourier transform
F4[®] exists and is radial. Therefore, a function F': [0,00) — R exists with R4F =
Fa[Rap] = Fy4[®]. By Proposition 3.1, it follows that f and F' satisfy (11) as well as
f € C(R). By Theorem 2.3 the function F is |(d=2)/2| times continuously differentiable
on (0,00). The smoothness of the Euclidean norm on R?\ {0} yields the assertion. [J

The “dimension walk” between Fourier transforms of radial functions in different dimen-
sions was discussed, e.g. in [14, 21]. Various examples of sliced transform pairs (F, f)
were given in [26, 27, 47]. Here are two interesting ones.

Example 3.5. i) If F(z) = exp( — %2) is a Gaussian, then the Fourier transform

p(x) = (21)%? exp(—272x2) in Proposition 3.1 is a Gaussian as well and we obtain that
f= wd2’1.7:1[./\/ldp] = wdQ’lfl[p(\ DI 1*1] on R or conversely Fif = .7-"1_1f = Mgp. We

" F<x>=exp(—x2) = =5 5”2)

2 2°2° 2
where the confluent hypergeometric distribution function 1 Fy is defined by [5, (15)]

G ((Z)n n

1Fi(a, ¢, z) = Z (C)nn!z , where (a), =

n=0

I'(a+n)
I(a)

The graphs of these functions are depicted for dimension d = 10 in Fig. 2. The func-
tion RqF' is positive definite in every dimension d € N, and the function f is positive
definite in one dimension by Bochner’s theorem 4.12. However, f shows oscillations,
which increase with the dimension. Its Fourier transform Fif has only two modes,
which get separated more far from each other with an increasing dimension, but keep
their shapes.



i1) For Riesz kernels, both F' and f have the same structure, more precisely, forr > —1,
we have

Flz)=2" <<= f(z)=

4. Slicing of Tempered Distributions

In this section, we extend our considerations to radial tempered distributions. In the first
two subsections, we present the theory about radial Schwartz functions and respective
distributions, where we partially build up on results in [21]. For a general background
on (tempered) distributions, we refer to [17, 39]. This allows to show in Subsection 4.3
a generalization of the slicing Proposition 3.1.

4.1. Radial Schwartz Functions

For a smooth function ¢ € C*°(R?) and an integer m € N, define

=  max 1+ -|)mD? ) 15
el =, _max_ 10+ "Dl (19

where |f] = Zizl Br. The space of Schwartz functions S(RY) consists of all smooth
functions ¢ € C>®(R?) such that ||¢||, < oo for all m € N. A sequence ¢, € S(R?)
converges to ¢ € S(R?) if

lim ||lon —@|lm =0 forall meN.
n—oo

The Fourier transform (12) is a linear, bijective and continuous map from S(R?) to
S(RY). A Schwartz function ¢ € S(R?) is called radial if ¢ = ¢ o Q for all Q € O(d).
The space of radial Schwartz functions is denoted by

SadRY) = {p € S(RY) : oo Q = ¢ for all Q € O(d)}.

In particular, for d = 1, we obtain the even Schwartz functions S;,q(R).

The following theorem shows that the rotation and the averaging operator are well-
defined on radial Schwartz functions, i.e., they map radial Schwartz functions to radial
Schwartz functions on R and R?. We will use ¢ to denote one-dimensional Schwartz
functions and ¢ to address d-dimensional Schwartz functions.

Theorem 4.1. i) The rotation operator Rq: Srad(R) — Sraa(RY) given by (6) is linear

and continuous. In particular, there exist constants by, > 0 such that |Rq¥||m <
b ||Y||4m for all Y € S1aa(R) and all m € N.

10



ii) The averaging operator Ag: S(RY) — S;aq(R) given by (7) is well-defined and con-
tinuous with || Agpllm < d™||@llm for all p € S(R?) and all m € N.

A rough sketch of the proof can be found in [21]. We give a rigorous proof in Ap-
pendix C. The proof of i) is technically more involved than ii). We start with a one-
dimesnional function ¥ € S;,q(R) and estimate the derivatives of the d-dimensional
function Rgip(x) = (||z||). At the origin, we cannot apply the chain rule to deduce
smoothness of Ry, as the norm is not differentiable there. Note that we estimate
IR ||lm by a multiple of ||¢||4, rather then ||?|,, due to the curvature of the norm.
Consider for example 1 to be linear on some interval I, then ¢ vanishes on I, but the
second order derivatives of R4 do not.

Part ii) is proven by estimating the derivatives of r — ¢(r§). If £ is a unit vector e,

then Lo(re;) = %gp(rej) and we estimate it by [|¢|l1. Otherwise, we find a rotation

matrix () that maps £ to e;. Then the factor d’™ comes in as estimate of the derivatives
of the rotation Q.

The following corollary is a direct consequence of the above theorem and the relations
(8) and (9). It shows that Ay restricted to Spaq(R?) is bijective.

Corollary 4.2. i) The concatenated operator Rgo Ag: S(R?) — Spaq(R?) is a con-
tinuous projection onto Syaq(RY), i.e., it is surjective and (Rqo Ag)? = Rqo Aqg.

ii) The operator Aq: Sraa(R?) — Siaa(R) is a homeomorphism, i.e., it is bijective and
continuous with continuous inverse,

AjoRg = Idgmd(]R) and Rgo Ay = IdSrad(Rd)'

4.2. Radial Tempered Distributions

The space of tempered distributions S'(R?) consists of all continuous linear functionals
on S(R?). A sequence T} € S’(R?) converges to T € S'(RY) if limy_ o0 (Tk, ) = (T, ¢)
for all p € S(RY). The Fourier transform Fy: S'(R%) — S’(RY) is the linear, continuous
operator defined for a tempered distribution 7" € S’(R?) by
(FaT, @) = (T, Fap) forall ¢ e SRY).
A distribution 7' € S'(R9) is called radial if
(T,poQ) = (T,p) forall QeO(d), pSRY.
The space of all radial tempered distributions is denoted by

! AR = {T € S'(RY) : (T, po Q) = (T, ) for all Q € O(d) and all ¢ € S(R)}.

11



Since we obtain for 7' € &'(R?) and every ¢ € S(R?) that

(Fal, 00 Q) = (T, Fa(p o Q)) = (T, (Fap) o Q) = (T, Fap) = (FaT, ¢),

we conclude that the Fourier transform of a radial tempered distribution is again ra-
dial.

The proof of the following lemma can be found in [21, Prop. 3.2]. Based on Corol-
lary 4.21), the operator R4 o Ay maps S(R?) onto S;aq(R%), so that the lemma finally
states that radial distributions can be determined by testing just with radial Schwartz
functions.

Lemma 4.3. For T € 8!, (RY) and every ¢ € S(R?), it holds (T, (Rqo Ag)p) = (T, ¢).
In particular, a radial distribution is uniquely determined by its application to radial
Schwartz functions.

Next, we consider analogues of the operators Ay and Ry for distributions. As with the
Fourier transform, they are constructed via the application of an “adjoint” operator to

Schwartz functions. We define the operator RY: S'(RY) — S’ (R) by
(RAT.0) = (T.(Rgo A} for all o € S(R) (16)

Indeed, RAT € S, 4(R) for every T' € S'(R?), since we have for every 1 € S(R) that
(RAT, (=) = (T, Ra (Ar¢(=))) = (T, Ra (A1) = (RaT, ).
Further, we introduce the operator A%: S'(R) — &', 4(R?) by
(Afr, ) = (1, Aap) forall ¢ € S(RY), (17)

Clearly, A% € 8!, 4(R?) for every T € S'(R), since we get for every @ € O(d) and every
¢ € S(RY) that

<‘A>cki7—7 po Q> = <7—7 Ad((p o Q)> = <Tv Ad90> = <Aj:l7—7 90>'

Note that A% is the adjoint operator of Ay: S(RY) — Spaa(R), while R% is the radial
extension of the adjoint of Ry: Spad(R) — Srad(R?) to S(R). In the following, we will
use 7 to denote one-dimensional distributions and T for d-dimensional distributions.
The next proposition shows that R} and A}, become bijective when restricted to radial
distributions.

Lemma 4.4. The restrictions R: S/, 4(RY) — S/ 4(R) and Aj: S/ 4(R) — S 4(RY)
are bijective and inverse to each other, i.e.,

2 o AZ = Idséad(Rd) and .A;kl O ,R’?l = Idséad (R)-

12



Proof. Let T € 8! ;(R?). For all ¢ € S(R?), we see that Agp is even and obtain by
Lemma 4.3 that

(Ago RYT, @) = (T, (Rgo A1 o Ag)p) = (T, (Rao Aa)p) = (T, ).
Let 7 € S/, 4(R). Then, it follows for all ¢ € S(R) by Corollary 4.2ii) that

(R0 AG)T ) = (7, (Aa 0o Rg o A1)p) = (7, (Aa 0 Ra) (A1) = (7, ¢). o

4.3. Slicing of Radial Regular Tempered Distributions

In the following, we are mainly interested in tempered distributions of function type,
where we skip the word ”tempered” in the following. A distribution 7' € S’(R?) is called
regular if it is generated by a function T € Li- (R%) via

loc
(T, p) = /Rd T(z)p(z)dz for all ¢ e S(RY).

Regular distributions were characterized in [58]. Clearly, radial regular distributions
arise from radial functions. A function T € Li (RY) is slowly increasing if there exist
¢, k, R > 1 such that,

T(z)| < cllz]|* forall |z] >R, (18)

see, e.g., [61]. The notion of slow increase is sometimes defined slightly different in the
literature, requiring (18) to hold on RY. Every slowly increasing function generates a
regular distribution, but the converse does not hold true. We are interested in even
functions F' such that R4F is a regular distribution on R?. Note that this is a weaker
assumption than saying that F itself is an even regular distribution on R. Then, we can
associate to F' a distribution

f=(FioR5oF;N[RaF] = (FioR}yoF; ' oRy)F. (19)

Note that ]-"Jl[RdF | is in general not a function again. However, by the following
proposition, we will see that (19) coincides with (14) if this is the case.

Proposition 4.5. i) Let T € S! (RY) be a radial regular tempered distribution.
Then

(RET, ) = 251 ((Mgo Ag)T, ) for all o € S(R).

ii) For a function F': [0,00) — R, let RqF as well as F; '[RqF] be regular distribu-
tions. Then f in (19) has the form

f=2L(FioMgoAgoFyt oRy)F.

Note that the factor wa-1/2 is hidden in R}.
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Proof. i) Firstly, if T is a radial regular distribution, then the same holds true for
(Mg o Ag)T. We set p = AyT which is by definition an even function. Since T is
radial, we have by (9) that T = Rgp. Further, since R;T as well as Mgp is even, it
suffices by Lemma 4.3 to reduce ourselves to ¢ € S;aq(R). Then Aj9 = 1) and we obtain

(RAT, ) = (T, (Ra o Ar))

/ oLzl (lzl) dz = way / " o)) dr
R4 0

= = /Rp(rw—wr) dr = = /R Map(r)i(r) dr

= wcgl (Map, ) = %271 (Mgo Ag)T, ).

ii) This part follows directly from (19) and part i) applied to T = F; ' [R4F]. O

Under the assumptions of Proposition 3.1, we can apply part ii) of Proposition 4.5,
therefore we can consider (19) as a generalization of (14) to regular distributions. The
following theorem establishes conditions such that the pairs of functions (F, f) fulfill
the slicing property (10). Indeed, it includes functions F' for which the Fourier trans-
form of RyF is not regular, as the already mentioned function F(z) = 2", r > —1,
from Example 3.5 or positive definite functions R4F having just a positive measure as
Fourier transform. To prove the theorem, we need the following lemma about a so-called
approximate identity, which can be shown following the lines of [61, Thm. 5.20].

Lemma 4.6. Let ® ¢ L\ _(R?) be slowly increasing. If ® is continuous in z € R?, then

loc
(I)(z> = 1Ii <(I)780d,m,z>; (20)

im
m—o0

where Qgm (x) = (m/w)d/%*mllzfzw.

Theorem 4.7. Let F: [0,00) — R such that both R4F and
f = (FroRyoF;YH[RaF] (21)

are slowly increasing functions. If f € C(R) and F is continuous at ||z|| for some z € RY,
then

F(121) = Bengy, [F (12, E)D]- (22)

Proof. For m € N, we use the above Schwartz function ¢g,, ., which has the Fourier

R o 2|2 . . : .
transform @, ,(v) = e 2mEVe=m IVI7/m " Since R4F is continuous in ||z|| and slowly

increasing, we obtain by Lemma 4.6 that

F([z]) (RaF, @dm,z) = %i_lfgo(fjl[RdF], Pdm,z)-

= lim
m— 00
By Lemma 4.4, we realize that

(A0 Fr ) f = (Ao Frt o FioRY o FyH[RaF] = (Ao RY) o Fy H[RaF] = Fy  [RaF),
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so that
Fll=l) = lim (A5 0 Fi)fofams) = lim Bew, , [ F [ Gam el

where for any ¢ € S~ ! and r € R,

—27i(ré,z) e—7r2 |72 /m

(@d,m,z)E(T) = @d,m,z(rg) =e = ¢l,m,(€,z> (T)

It follows that
F(llal) = lim [Beaag,  (f01m0)] (23)

Since f is continuous slowly increasing and even, we obtain again by (20) that

m (f, o1,m,2)) = [((2,6) = F([{z,6)])

m—00

It remains to show that we can interchange the limit and integration in (23). Since f
is slowly increasing, there exist k € N, ¢ > 0 and R > 0 such that |f(r)| < c|r|* for all
r > R. We choose R large enough so that r» < 2r? — k for all » > R and |f(r)| < c|r|*
for all m > R — ||z]|.

For any r,s € R, the convexity of | - |¥ implies that

[r+ sl* = 15(2r) + 3(25)" < gl2r (" + 5125)° = 2571 (I + |s]F). (24)

Setting @q m = @a.m,0, we split up the integral
s )] = £+ 8), orm)] < /R £+ 8)prm(r)] dr
- / O o) dr / £+ ) rm(r) dr.
r|I<

[r|>R

Using that 1, is positive and its integral is one, we estimate the first part

/ £+ 8)|prm(r) dr < max |f(r + 5)] P1,m(r) dr < max [f(r + s)|.
[r|<R Ir|<R Ir|<R Ir|<R

For the second part, we have by (24) for all |s| < ||z|| that

/ £+ 8)orm(r) dr < 2% / (Il + 15 prm(r) dr
[r|>R [r|>R
s|k+2 r cplm( )dr)

< 2kl <|s|k +2(m/n) 1/2/ (2mrktt — k:r"“_l)e_mr2 dr)
R

-1 ’ ’k+2 m/ﬂ' 1/2 _rkefmr2 o
R

| |k+2Rk m/ﬂ_)l/Q —mRQ)
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Due to the growth of the exponential, we can find mq such that 2R¥ (m/m)'/2e=mR < 1
for all m > mg. Now let s = (2,£). Then we have |s| < ||z|| and for m > my it follows

[{f o1,m,s)| < max [f(r + s)| + 2571 (|s]* + 2R 01 m(R))

Ir|<R

< max |f(O)]+ 2" ([|2)F + 1) € O(|[2]|F) as [|2] = 0o, (25)

[tI<RA+| =]
This bound is independent of £ and m, therefore we can apply Lebesgue’s dominated
convergence theorem to (23) and finally obtain (22). O

Concerning R4 F', the conditions in Theorem 4.7 are fulfilled if F' is continuous on (0, o),
slowly increasing, and F(r)r%~! is bounded for r \, 0. However, the prior knowledge that
f is regular and continuous is required. It would be more natural to impose conditions
solely on the function F.

We will accomplish this by first proving Theorem 4.8, which can be considered as reversed
statement of Theorem 4.7. Afterwards, we use the fractional derivatives of Appendix E,
in particular Theorem E.1, to show in Corollary 4.9 that the slicing formula (22) follows
from the distributional slicing formula (21) under certain smoothness assumptions only
on the function F'.

Theorem 4.8. Let f € C(R) be slowly increasing and even. Then the radial distribution
® = (Fyo0 A% o FyY)[f] is reqular, continuous, slowly increasing, and satisfies ®(z) =
F(||z|) for all z € RY, where F is defined by (11). In particular, f can be recovered from
the inversion formula (21).

The proof, which is similar to Theorem 4.7, is given in Appendix D

Corollary 4.9. Let d > 3 and let the |d/2)-th derivative of F € CLY?)([0,00)) be slowly
increasing. Then f = (Fy ' o Ry o Fa)[RaF] is continuous and reqular and satisfies the
slicing relation (22).

Proof. Under the given assumptions, Theorem E.1 ensures that there is a continuous,
slowly increasing function f € C([0, 00)) that satisfies (22). With ® == (Fyo0 A0 F [ f],
Theorem 4.8 yields that ® = R4F and f = (Fy o R0 F; ') [RaF]. O

The last corollary can be seen as a reverse version of Theorem 2.3, which says that for
given f of certain integrability, F' is [(d — 2)/2] times differentiable, but Corollary 4.9
requires slightly more regularity of F.

The following two examples show applications of Theorem 4.7. For the first one, the
slicing of the Riesz kernel F(z) = |z| is already known, see Example 3.5. However, the
existing proof works in the “opposite” direction, i.e., it starts with the sliced kernel f
and then computes F' via (11). In contrast, our method allows to start with F' and
compute f.
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Example 4.10. For the Riesz kernel F(x) = |z| from Example 3.5, the Fourier trans-
form of RyF does not exist in the classical sense, but as a tempered distribution. We
utilize Qam = Pdmo from Lemma 4.6. Set f = (Fy o RYyo F;)[RaF], see (19). Let
Y € Sad(R). Since Rath — ¥(0)@am € S(RY) as well as all its first order derivatives
vanish at 0, Wendland [61, Thm. 8.16] yields

(fy) = < YR4F], Ra) = (F7 RaF), Rath — 1(0)pam) + ¥(0)(F [RaF], Pam)

L EIULEIC PRy
_ e b4 600) [ el o) da (20)

Wy

The limit for m — oo of the last term vanishes when we apply Lemma 4.6 to RqF = ||- ||
and z =0, i.e.,

—m?||z]|?/m

Since g m(r) =e

Rath(@) = D(0)pam(@) [ Dllz]) = $Oermll) o
R ]+ R ||x”d+1
:wd_l/ooo d(r) — f(i(+2()01m( r) pA=1 gy — Wil / d(r £2)@1,m(r) dr.

Then we have

o) = Z2 / b (r) — D(0)1,m(r) ar.
R

TWqg MmMm—o0 T2

Employing (26) backwards for dimension 1, we finally obtain

Wa—1W _ MWd-
() = 2 ERF R P 0) = T2 [ el
Therefore, it holds
fl@) =", zeR
wq

Both f and F are slowly increasing and continuous functions, so the assumptions of
Theorem 4.7 are satisfied.

The following example adds a new pair (F, f) to the list of sliced functions, namely (27)
and (28).

Example 4.11. We consider the fundamental solution, also known as Green’s function,
of the Helmholtz operator, namely for some ko > 0,

d72

F(r)= i <k0> g ) (kor), forall r >0, (27)

2rr
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where HC(Ll) is the Hankel function of the first kind and order a. We have

p(x)

<~Fd[RdF]a > il\r‘% Rd 471_2”1_"2 k2 i dz,
see [31]. The significance of this example is that the forward simulation of a scattering
problem can be done via the convolution with RqF, cf. [15]. By [31], RqF is indeed a
regular tempered distribution on RY. However, the asymptotic form |H,(r)| ~ \/2/(7r)
for r — 0o, see [36, 10.2.5], shows that RqF ¢ L'(RY), so we are not in the setting of
Proposition 3.1. Let ¥ € S;,q(R). We obtain with transformation to polar coordinates
that

N ¢(1=])
(RyFy [RaF),0) = (Fa[RaF], Ratp) = g{% R An2[|z|2 — k2 — i dz

BT (o)

dr.
2 N0 Jg 4n2r? — kKt — "

By Theorem 4.7, we have
(f.) = (AARGF,  RaF ), ¥) = (RyF,  AqPalF), Fi¥])

wd1

|d 1 o
1 TIirs
2 EI{%//M 2,2 _ isw(s)e dsdr

= Wq_ 1hm/ /47r %7 12 i P (s) cos(2mrs) dsdr.

In particular, for d = 2, we get

(f, ) —2Wg%/ /47r27"2 o iE1/1(3) cos(2mrs) dsdr.

Noting that
r —r

A2 )2 —ie k2 tie
where F' is the hypergeometric function, we have by [13, 8.19(19)] that

0
(32 4362

(1) = gz [T 6% (403 +iers ) as

where G denotes the Meijer-G functz'on deﬁned by
—s) [, T(1—a;+s
G%”( ai,...,a ) / )H]l ( j+s) 25 ds,

bl""’ H] m+1 b +S) H] n+1F( S)

where L is a certain loop in the complex plane, see [18, Sect. 9.3]. Aside from its poles,

the G function has a jump discontinuity along the positive real axis due to taking the
main branch of z°. We obtain

() = 1z lim / (s (1(—k3+ig>32

.. 4m* 2
1F0(17_7 k%_;'_ier )7
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and the integrand depends continuously on ¢ > 0. Assuming that the limit and the
integral can be interchanged, this implies

1
Fls) = a2 (—ikas‘z

0
- = 0ot (28)

Conversely, we can verify that f indeed fulfills (11) using from [}2] the integral formula
2.24.2 and the relation 8.4.28.1, in particular for s > 0,

1

>(1—u)§u§du
1

5,0 I o0 1 -
2 _ L0 1500
0,0,;,0) 47TG072< 057 g g

where Ky is the modified Bessel function of the second kind and the relation of the G
functions with different orders follows directly from its definition.

4.4. Slicing of Positive Definite Functions

Given a regular distribution F', we can always apply the distributional slicing operator
(21) and obtain f = (Fj o R0 F;1)[R4F)], which is in general only a tempered distribu-
tion. Theorem 4.7 requires f to be a regular continuous distribution, and we do not know
simple conditions on F' for this to be fulfilled. In this section, we will see that for any
function F such that R4F is positive definite, we can ensure via Bochner’s theorem that
the sliced kernel function f is a regular distribution and indeed also a positive definite
function. To this end, we consider measures as a subspace of tempered distributions.

We denote by M(R?) the set of finite Borel measures on R? and by M (R?) the subset
of positive measures. The space M(R?) with the total variation norm || - ||y is a Banach
space. Actually, it can be seen as a subspace of S’(R?) in the following sense, see, e.g.
[39, Sect. 4.4]: by Riesz’ representation theorem, it can be identified with the dual space
CH(RY) =2 M(R?) via the isometric isomorphism u + T}, given by

(T, ) ::/ edp forall ¢ € Co(RY). (29)
Rd
Since S(R?) is a dense subspace of (Co(RY), || - [|oo), every u € M(R?) can be actually

identified with a linear functional T, on the Schwartz space, which is also continuous
with respect to the convergence in S(RY) by

(T )| < llullrvlleloo = lelTvlielo  forall o € S(RY)
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with | - [lo from (15). Thus, 7, € S'(RY), i.e., every measure from M(R?) corresponds
to a tempered distribution, but not conversely.

The Fourier transform Fy: M(R?) — Cy(R?) of measures is an injective, linear transform
defined by

Filu = [ e do). (30)

Note that Fy[u] is also known as the characteristic function of p. If p is absolutely
continuous with respect to the Lebesgue measure with density ® € L'(R?), then (30)
becomes (12). If T}, is the tempered distribution associated to the measure j, then it
holds for all ¢ € S(RY) that

(FaTu, o) = (T, Fap) = /fdgodu / /R ) 2)e 2@ dg dp(v)
= /R (o) Fulp)(#) de = (T ),

so that deM = T]'—d[#}’

The Fourier transform of positive measures is related with so-called positive definite
functions. A continuous (not necessary radial) function ®: R? — C is called positive
definite if for all N € N, all pairwise distinct z; € R?, and all a €C,j=1,...,N,it

holds
ZZajoqu) j—xk) > 0.

=1 k=1

Positive definite functions are bounded, more precisely ||®||oc = ®(0). Functions F'
such that the radial functions R4F are positive definite in every dimension d € N were
characterized by Schoenberg via completely monotone functions [50]. A well-known
example of such a function is the Gaussian function. Bochner’s theorem [6] relates the
Fourier transform of positive measures with positive definite functions.

Theorem 4.12 (Bochner). Any positive definite function ®: RY — R is the Fourier
transform of a positive measure and conversely. If ®(0) = 1, then it is the Fourier

transform of a probability measure, i.e., there exists p € M, (RY) such that ® =
EUNM [e—Qwi<~,v)] )

Using the above relations of measures and tempered distributions, we obtain the follow-
ing one-to-one correspondence between positive definite radial functions and their sliced
versions.

Theorem 4.13. Let F': [0,00) — R such that R4F is positive definite. Then the func-

tion F' is {%J times continuously differentiable on (0,00). Moreover,

f=FRiF; [RaF) (31)
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is positive definite on R and fulfills the slicing formula (3). Conversely, for every even,
positive definite function f on R, the radial function RqF given by (3) is positive definite
on RY.

Proof. Bochner’s Theorem 4.12 implies that F 'RqF] € M, (R%). Since a measure u €
M(R?) is positive if and only if (1, ) > 0 for every non-negative function ¢ € S(R%), see
39, Sect. 4.4], also R4F; ' [Rq4F] is a positive measure and again by Bochner’s theorem
f is a positive definite function on R. The slicing identity follows from Theorem 4.7
by identifying measures with distributions, since both R4F and f are continuous and
bounded and are therefore slowly increasing. By Theorem 2.3 the function F' is L%J
times continuously differentiable on (0,00). Analogously, if f is positive definite on R,
then F given by (3) is positive definite on R O

The above theorem shows that for any function F' such that R4F is positive definite, a
sliced kernel function f exists. A somewhat more intuitive reformulation of the inversion
formula (31) for measures is given in the following remark.

Remark 4.14. We state the slicing relation (31) using the pushforward of the norm.
In the setting of Theorem 4.13, recall that p = fd_l[RdF} 1S a positive measure on
RY.  The pushforward of a measure p € My (RY) by a Borel map v: R* — [0,00) is
defined by gt == 1o v~L. For simplicity, we identify any measure v € M(R?) with the
operator T,, € C)(R?) in (29). Then we have {|| - ||z, p) = (u, oo |- ||) = (u, Ray) for all
¢ € Co([0,00)). On the other hand, by the definitions of R} and A} in (16) and (17), we
know that (R, ) = (u, RaA1v) = (Ail| - lsp, ¥) for all ¢ € Co(R). Hence, the slicing

relation (31) becomes
f=FAl -l = FAL - :F [RaF).

Here A maps a measure v € M([0,00)) to the even measure Ajv € M(R), which
satisfies Ajv(B) = 3(v(BN[0,00)) + v((—B) N [0,00))) for any Borel set B C R.

For odd dimension d, [60, Thm. 7] shows that any radial positive definite function F'is L%j
times differentiable if RqF € L'(R?). In comparison, Theorem 4.13 gives one derivative
less, but only requires R4 F being positive definite without further assumptions on F.

5. Conclusions

Slicing is an attractive tool to speed up computations in kernel summations often used
in machine learning. We proved inversion formulas to compute the sliced kernel f for
a given radial kernel F' via a “dimension walk” in Fourier space. If R4F is the Fourier
transform of an integrable function, Proposition 3.1 provides a simple formula consisting
of Fourier transforms and a multiplication operator. Our main results, Theorem 4.7 and

21



Corollary 4.9, generalize this to tempered distributions and show that on the distribu-
tional level slicing is possible when both F' and f are regular and continuous. If the
function RyF' is positive definite, Theorem 4.13 ensures that the sliced kernel f exists
and is a positive definite function that can be computed by (31).

Along the way, some statements of independent interest were shown. Theorem 2.3
states that the function F' obtained from a given sliced kernel f becomes smoother with
increasing dimension d. Further, Corollary 3.4 shows that the Fourier transform of any
radial function is | (@-2)/2| times continuously differentiable on R\ {0}.
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A. Proof of Theorem 2.1

Let z € R? with ||z|| = 7. Denote by U, an orthogonal matrix such that U,z = ||ze1,
where e is the first unit vector. Then, it holds

<$7€> = <TUE€1a€> = T<Ugel)§> = T<€17 Ux£>
and consequently

Eenagyy, [f ({2 O] = Benagy, [ (r[(er, Un)])]
= Bengy, [F(rl(en, D] = Egnr o, [f (r[€1])]-

We write & = &1 + /1 — €2(0,&.4) with & € [1,1] and &g = (&2, ...,&1) € ST2
Applying [3, (1.16)], which holds for d > 3, we obtain

Eenry, [f([{z,E))] = wdl_l i f(rlér]) dst1(¢)
1 1 d—3
B Wd—1 /_1 §d—2 f(r‘é.l’) de_2(§2:d)(1 — f%)T d§1
! 1
_ Wd—2 R g . . o pyds
-2 [ aeeha =T dt = [ gy - a

For d = 2, the change of variables £ = (cos,sin ) with 6 € [0, 27) implies that

2

1
/ FerlaadstiE) = [ f(r|coso))do =2 / Frlth (@ - £3)~3dt,
st 1

therefore the above reasoning remains valid for d = 2. O

B. Proof of Theorem 2.3

To prove Theorem 2.3 we need some technical lemmas.

Lemma B.1. For allO0 <h < s and 0 <t <s—h, it holds

2,1 2 1 2.1
e N (e
h s2 (s — h)? s—t s2
Proof. Since h < s and s > 0, we have —3s + h = —2s — (s — h) < 0 and therefore

s—h 252 — 3sh + h? 252
25 — h) = .
2s—h(s ) 2s—h <25—h

t<s—h=
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We can multiply the inequality with #(2s — h) and obtain
0 <25’ —t*(2s — h) =t ((s — h)* + s?) + th(2s — h) — t*(2s — h)

<t((s—h)*+s%) + (s — h)s(2s — h) — t*(2s — h).

Multiplying the inequality with h > 0, a straightforward calculation yields
0 < ht((s—h)*>+5%) + (s — h)s(2s — h)h — h(2s — h)t*
=(s—h+t)(s—t)s> = (s —h—t)(s+1)(s — h)>.
Further, since s — ¢, 52, and (s — h)? are positive, we obtain

(s—h)+t) ((s—h)—1t)s+t

0< (s — h)? s—t 52
B 1 (s—h+t)(s—h—t) (s—h—-1t)2(s2-1?)
_s—h—t< (s —h)?  (s—1)2 52 )

- () - () (-5)

Multiplying with s — h —t > 0, reordering and taking the square root yields

2.1 2 1
(-5)0-5%) <(-55m)

Finally, we rearrange the equation and divide by h > 0 to get the assertion

2.1 2 1 2.1
/11((1‘;) —(1‘<sfh>2) ><31_t(1‘§2) -

O]

Lemma B.2. Let f € L] ([0,00)) if v > 1 and f € L! ([0,00)) with p > 2 if v =1/2.

For s > 0, we define
t2\v

Li) = [ ro(1-1)"a
then it holds that q
L) = "Flgls),  glt) = FO)E.

Proof. We show that

. Lf(s+h)—1,f(s) 2v
iy G = K

1. First, we consider h > 0, i.e., the right-sided limit

. Lf(s+h)—1, t? v
lim flm - dt
hl\O h hl\‘Oh/ (s+ h)? )

+;13{%/0 f(t)i( 1—(th)2>y— (1—222)”) at.
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We show that the first summand is zero, while the second one equals 2vs~31,_1g(s).
1.1. Concerning the first limit, we have for h > 0 and s < t < s + h that

2 2
‘1_ t <1 S ., 25+h

(s+h)2| > (s+h)?  (s+h)?

and further by the monotony of the power function, for 0 < h < 1, that
1 [sth 2 \V 1 [sth 25 +h \”
- t(l—t7> dt g/ ] (h—— ] dt
0 (- ) < [ el (n 25

2s +1\" , , [*t"
< (B e [

Ifv>1and f € L ([0,00)), then v — 1 > 0 and we can estimate

loc

2s+1\" , , [*th 25+ 1\" [sth R\O
(25) v [Tiroraes (220 [ nola o

If v = 1/2, we assumed that f € LI ([0,00)) with p > 2 and thus f € L ([0,00)) C
Lp

1oc([0,00)). Then we get by Holder’s inequality with

1 1 1
25 +1\" o s+h 2s+1\2 1 s+h 2 s+h 2
() e [Tsenars (22 s ([ soran)” (7 a
1 1
2s+1\2 [ [*th 2
:< i ) </ yf(t)|2dt> LaLN)
S S
1.2. Concerning the second limit in (33), we use that

d ) tZ\v 2t21/1 t2\v-1
w2 =0-5)

If v>1and f € L ([0,00)), then the mean value theorem implies

v 2\¥ t2 v—1 1
h! ‘(1 — L) — (1 — t—) < sup 2t2v(1 — )
(s+h)2 P ce (0 (s + )2 (s +€)3
t2 v=1 1 sZ\v-11 2
< sup 2t2y(1 + ) < 2t2y<1 n 7) — =l < vavsTl
£€(0,h) (s+8)?2/  (s+¢&)° s2) s 53

Hence t — f(t)v2¥s™! is an h independent integrable majorant and Lebesgue’s domi-
nated convergence theorem gives

o [ 103 (0 i)~ (- 8)) =% [ 10 (- 2) " o
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If v=1/2and f € L ([0,00)) with p > 2, then

loc

Ll 2 N2 ({_e): PPy
0= chn) - 0-5) <S-%)

Denote by ¢ = (1 — p~1)~! the Holder conjugate to p. Since p > 2 it holds ¢ < 2 and

also .
2\~ 34 s+t 2
1— 7) = —t) 2.
( s2 ( s2 (s =)

For t € (0, 5), both #2573 and ((s +t)s~2)~%/2 are bounded, and (s —t)~%/? is integrable
on [0, s]. Therefore, t — t2s73((s + t)s~2)~%/2(s — t)~9/2f(t) is an integrable majorant.
Hence, Lebesgue’s dominated convergence theorem yields (34).

t2 t2 ,%
- Grer)

[0S

2. Next, we deal with the left-sided limit
lim qu(s + h) - qu(s) lim qu(s) - Il/f(s - h)

h 0 h h\0 h
= }111{1% OS fét) (( - g),, - (1 - ﬁ)u 1[07S_h](t)) dt.

Define the functions my, m: (0,s) — R by

mp(t) = % <<1 — i—i)y — (1 - ﬁ)y Lio,5-n (t)) and  m(t) = % (1 - EZ)V

Note that for every t € (0,s) we have limy,_,o my(t) = m(t).

2.1. Let 0 <t < s—h. We choose 0 < h < s/2. If v > 1 and f € L] _([0,00)), then the
mean value theorem implies

v y 2 2
a0l = |- ) = (= 5) | < e |20~ ) o
2 v—1 2 2 vl 42
<o (i oTa) <2 ) o

t2
< 16v—5""1 <1657 tws™!,
S

which is bounded independently of ¢ and s. Hence, Lebesgue’s dominated convergence
theorem implies

. L(f)(s+h)—1I,(s) 2v [° s\ v—1
W n _33/0 fof (1-5)  a

For v = /2 and f € LY ([0,00)) with p > 2 and Hélder conjugate ¢ < 2 to p, we apply

loc
Lemma B.1 to obtain

Ima(t)] < w(t) = <1_t2>§:1<3+t>§7

S

s—t (35)
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which is ¢ integrable. The claim follows again by using the Holder inequality and the
dominated convergence. 2.2. Let s —h <t < sand 0 < h <s. For v > 1, we see that
my, is integrable. For v = 1/2, we have s — t < h and consequently

[mn(t)] = %(1 - 752)§ < i(l — t2)5 = w(t),

52 s—1t 52

see (35). Finally, we use Lebesgue’s dominated convergence theorem again. O

Proof of Theorem 2.3. Since s + s~ ! is smooth on (0, 00), the differentiability of F
in (11) depends only on the integral I3y, f defined in (32). By Lemma B.2, we have
for f € L{ .([0,00)) if d > 5 as well as for f € L? ([0,00)) with p > 2 if v = 1/2 and

gr(t) == f(t)t>* that

C11(s) = 21 ag(s) (36)

Set v = (d-3)/2. We show that for each n = 0,..., |v], there exist smooth functions
70y ...,y on (0,00) such that

%F(S) j:n (711 ) Zm Mok gr(s).

For n = 0, we obtain that rog = ca/s. Assume the assertion holds for n < |v]|. For
k—O ,n, we have gp € LY ([0,00)) with p > 2if v =1/2and p=1if v > 1. Also

loc

v— Ll/j —n > 1, so that (36) yields
dn+1 n 2w
Gt P = 3 (A anls) 4 71(6) 5 a0 (9)
k=0

n+1 2y
- Z ( s)+rr_1(s )33) I, _rgx(s), 7“;1“ =r_1:=0. (37)

Hence F'is |v] times differentiable. Moreover, the parameter integrals Iy, k = 0,..., V]
are absolutely continuous, which follows from Lemma B.2 for £ > 1 and from the defi-
nition of Iy. Hence, also the |v|-th derivative of F' is absolutely continuous.

If d is odd, it holds |v| = [(d-2)/2] and we are done. If d is even, then |v| = (d-4)/2 and
v—|v] =12 For f e L} ([0,00)) and p > 2, we obtain by (37) and Lemma B.2 that
the |v] 4+ 1 th derivative of F' also exits and is absolutely continuous.

To show that the result is tight, consider the function f(¢) = 0 for ¢ € [0,1] and
f(t) == =2t for t € (1,00). Then f € L{X.([0,00)). For s < 1, we get F(s) = 0. For
s > 1, we have

F 1 _ 1 2 =k
e AR I T T PR
cd 0 s~ -1 <
2s d—1 2s d-1 d=1 a1
= (%) 7 == ()T -7 =g)s-1)=
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where the function g is analytic and positive around 1. If d is odd and m = [d/2| = (d-1)/2,
then we obtain by Cauchy’s integral formula that

m! g(z)(z—1)™ m! f 9(z) |
. 2 f -1t =9y s dF=me)
|z—1]=1 |z2—1|=1

A ()5 - ™)

dsm

is non-zero. Hence, we conclude

im F™ () = ! — lim F(™
ll\r%F (s) = cqgmlg(l) #0 ll/ni FU(s).

Therefore, F' is not m times continuously differentiable at 1.

If d is even, we assume by contradiction that F' is |d/2] = /2 times continuously differ-
entiable at 1. Then the function F(s)/g(s) would be d/2 times continuously differentiable
at 1, since g is analytic and positive at 1. We obtain a contradiction as

(s — 1)% = Fls)
cag(s)
is not /2 times differentiable in 1. This finishes the proof. O

C. Proof of Theorem 4.1

To prove the theorem, we need several auxiliary lemmata.
Lemma C.1. For ¢ € S(R) with ¢(0) = 0, the function

b(@)/z  ifz#0,
'(0)  ifx=0.

is in S(R) and the respective map V': {1p € S(R) | ¥(0) = 0} — S(R) is continuous with
VPl < anll$llns1, where

il 2" m\ e m!
G :mr—r%]%x,n{max{;m—l+l<l>7zll}} > 1.

=0

(38)

Proof. Since ¥(0) = 0, we see that V[¢] is continuous. We note that if a function
¢ € C(R) is differentiable on R\ {0} and lim,_,o ¢’ (x) exists, then it is differentiable in 0.
Part 1: We show by induction that for m > 1 the m-th derivative of V[¢] is continuous
and can be represented as

an
dx™

“ m!
Vigl(z) =z~™ ! ;W (a;)gcl(—1)l+mW forall zeR\{0}.  (39)
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For m = 1 we have for x # 0

iv[w](w) _ 49 @z —yn) L1 Zw 0 1 1!

de =z z? n
By L’Hospital it holds

lim LV [6](z) = lim Wfﬂ)fc—;?ﬂ(@")

z—0 dx z—0 x

iy V@) _ w<2>(0>_
z—0 2z 2

Since V'[1)] is continuous on R and lim,_,o V' [¢)'(z) is finite, we have V[)' (0) = 42 (0) /2.
In particular, the derivative is continuous.

Now assume, that (39) holds for all derivatives less or equal m and all derivatives less
or equal m are continuous. We can compute the derivative

dm+1 o l+mm'
LtV Wl@) = — ( Zu} L
rme d m m)! o m mm!
- e (Z 1 (x) b I ) —(m+ 1z ™2 Ew(l) ()2} (—1)F s
1=0
With the calculation
d < mm!
@Ziﬁ(”(w)xl( 1) e
3 S m!
= w(l—H) x :El H'm _|_ ¢ 2 1 _1)i+m
v I e ]
m m—1
- ZT/’(ZH)(@%Z Hm + Z YD ()l (1)1 I
=0 =0
= U (@)a™ (—1) = ) (2)a, (40)
we obtain that
qm+1 —m— m L e o (m+1
iV Wl(@) =2 Lyp(mt) (z) QZzp(l) 1)+ lu)
m+1
= gm2 Z ore 1)+ (m+1) (M + 1!
no’

which shows (39). Since v is a Schwartz function, it is clear that ddm+11V[¢]( ) is
continuous on R\ {0}. Now we use again L’Hospital and (40) to obtain

dqm+1 ﬂfrl o) (x)a:l(—l)l+(m+1) (mfl)!
lim ——V[¢](z) = =0 i
z—0 dgm+1 :pﬁO rm+2
ds S O @)al ()OI g @)artt ) ()
= lim dz == 5 T — lim — = .
z—0 ax(mﬂ)-ﬁ-l z—0 (m 4+ 1)x™m* m+1
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This yields that V[i] € C™T(R) and this induction is finished. Part 2: Next we show
that V[¢] is a Schwartz function and that V' is continuous. Let x € R and m € N be
fixed. We use the Taylor expansion with the Lagrange reminder,

m () (m+1)
PO (z) = Z zi: _(l()))' F m:pm_lﬂ for some |&(z)| < |z|.
— ! !

With the representation (39), we see that

dm m!
m+1 — O] L_1)Hm 2
1=0
T (m1) I O k) !
_ m+l1 Y (fl(l‘)) o\ 4m e (U (O) k(_q\4mT
=7 lz(;(m—l—i-l)'( 2 l!+lz(;kz;(k—l)!$( D
m+1 m ko NHmo
m+1 w fl )) I+m [T k., (k) ( 1) m.
1 .
Z ey sl S +k§0w (O)Z;(k—l)! I
If £ > 1, we have by the binomial theorem
k k
(—1)l+m m! m! l k
M Cym PN (g — 0.
G - TV 0 ) =0
=0 =0
Since 1(0) = 0, only the first sum remains and we have
dm m l+m m ]
o Z¢ D) () win @<l @

Fixing some natural number m < n, we have for x € [—1,1] \ {0} using (41), that

m 1l+m
L+ 2™ e t(g (—)l+1<77>

m

1+ el SV IvI@)

1=0
+ |z su m+1 ( >
D" s oW

<o kunﬂz z+1< ) <an.

On the other hand, if |:1c| > 1, we have by (39)

<+ Y [pO ()

m

)<1+|x|> A @)

m)!
o5 < anllnsn.

Since V[¢)] is smooth all its derives are continuous, we have

m

d
VIl = sup  sup (1 +2])" =2 VI¥](@)| < anl[dllnsr < 0.

m=0,....,n 2R\ {0}

Thus V[¢] is a Schwartz function and the operator V' is continuous. O
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Lemma C.2. The operator
W: Siad(R) = Saa(R), Wi=Vod, (42)
or more precisely W[|(z) = V['](x) = ¢ (x)/z if £ # 0 and W[](0) = 4" (0) is linear

and continuous with |W{]|lm < am||¥|m+2 for allm € N and all ¢ € Spaa(R).

Proof. If ¢ € S;aq(R), then 1) is even and ¢ is odd. Therefore, ¢/(0) = 0 and V[¢] is
well-defined by Lemma C.1. The function Wy](z) = ¢'(z)/x is again even, so that W
is well-defined and we can estimate the m norm of W] by Lemma C.1 as

W[l = 1V ) lm < aml¥ lmt1 < am[]lm+2. [

Proof of Theorem 4.1 i). The directional derivative of 1) € S;aq(R) in direction
£esStlis

1)) — (o) P(It]) = (0)

(] o ) 0) —
0c(r o] - 2)(0) = lim t = lim S — o) =,
and, for x # 0, by the chain rule,
x
0c(wo |- o) = ' (lel) { 57,6

Recalling the definition of V in (38), we have the representation

de(o - 2)(@) = (@, OV](|lz]) forall =eR? (43)
In the following, we show inductively that for & € N¢ there are polynomials Payls - s Payjal

of degree < k such that for every even, smooth function 1: R — R it holds

|al

Do - [2)(x) = ) pasle) - WHRI(|l2]l) forall = eRY, (44)
k=1

where W* = W oW o...oW exactly k times, see (42). For |a| = 1, we write a = ¢; and
choose p,1(x) = 7. By (43), it holds for all z € RY that

()

]

Do - [l2)(x) =

= Pa,1 (@) WIp]([]])-

Now assume (44) holds for |a| < n and choose 8 € N¢ with |3| = n. Find some nonzero
entry [ of 5 and define o := 8 — ¢;. Since |a| < n, we can apply the induction hypothesis
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and obtain with Lemma C.2

|a

Do [(e) = (D" (o | 1)) = 8 3 pasleIW (el

|| k /

> ( ()W) +pa,k<x>leWW”))

[l

\al e +1

S LU IEIED SEMSERIEBIED
k=1
|B]

= ZPB, I EDE

where we set pg1(z) = O¢;Da,1(), pﬁ7|ﬁ|(x) = pa’|a‘(:v)a;l, and pg k(x) = O¢Pak(z) +
Pak—1(x)x; for k =2,...,|B] — 1. This shows (44).

Let n € N. Since degp, ; < k for all a € N? we can find ¢, > 0 such that
Pajk(x)| < cn(l+|z|)" forall |of<n, k=1,..., |al
For any = € R%, we have by the continuity of W in Corollary C.2

[ ol -llz, = Sup IA - D" Dol ll2)lloo

|al

< sup |[(T+] -] Zpak Plofl -l
|a|<n
oo
e sup ZH L] 2wh)|
m=0,...,n
< cnz W] l2n < cnz Hajuwuwk nen Haguwrun
k=1 k=1j=1
Setting b, = nc, H?:1 a; finishes the proof. O

Lemma C.3. Let ¢ € S(RY) be a Schwartz function and Q € O(d), then po@Q € S(R?)
and || © Q|lm < d™||@||m for all m € N.

Proof. For k € [d] and z € R?, the chain rule implies

|0er. (0 0 Q) (2)| = [(D(p 0 Q)(2), ex)| = |<V90(Q( ) - Q,ex)| = [{((Ve o Q)(2), Q)|

-

I
—

<

|8€j ( |Qk,]

Z|8€] (Qz)| <d- max |0, 0(Qz)|
G=Tond

J
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For 3 € N we obtain inductively

IDP(p0Q)(2)] < d e D7 2(Qz)].

Finally, we have for m € N that

l 0 Qllim = max sup |(1+ [[c])" D[ 0 Q)()]
|ﬁ|<mw€Rd

< max d sup ||(1+ |z])™(DP0)(Qx)| = d™{|¢]m-
|ﬁ|<m reRd

Therefore p o Q € S(RY). O
Lemma C.4. Let p € S(RY) and ¢ € S¥=1. Then
pe: R= R, 7= ¢(rf)

is a one-dimensional Schwartz function and ||p¢|lm < d™||¢||m for all m € No.

Proof. First, let £ =e; and n € Ny. we see that ¢, is smooth with

D"pe,(r) = (§)" w(rer) = DPp(rer),

where 3 = nej € Ng. Therefore, we obtain for m € Ny that

(1 + llzl)™D%¢(2)| < llellm.

lesllm = sup |(1 4 laa "D pzren)| < sup
z1€ER z€RA

For arbitrary £ € ST1, we take some @ € O(d) such that Qe; = &, then ¢¢ = (90 Q)e, -
By Lemma C.3, we obtain ¢ € S(R) and

leellm = [[(# 0 Qe [lm < Nl 0 Qllm < d™|[]lm- 0

Proof of Theorem 4.1 ii). Since S%~! is compact and ¢ is continuous, Agp(r) is
well-defined. For distinct r, s € R, we can find t € R between r and s by the mean value
theorem, such that

pe(r) = pe(s)
‘éf = ge(t)] < llgelh < dleln.

r—s

Therefore we get by Lebesgue’s dominated convergence theorem that

d 1 pe(s) —pe(r) .. 1 . pe(8) —pe(r)
@Adgp(r) = ll—% o /Sdl e rde = /S lim ————>—~d¢

r—s Wd—1 d—1 8T r—Ss

1 /
pu— d .
D1 /Sd_l 905(7”) 3
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Inductively, we obtain with Lemma C.4 for any r € R and n < m, that

o ()| de

1+ A )] < ST L

Wd—1

1
< [ leehndg < d™[plm.

Wd—1 Jsd

Clearly Agp is an even function and therefore in Spaq(R?). O

D. Proof of Theorem 4.8

Since F' is defined via (11), we conclude that F' is continuous and slowly increasing. The
Fourier transform of ¢g, .(x) = (m/m)%2e=mllz==I" defined in Lemma 4.6 is given by
Gdm,z(V) = e~ 2mi(z0) =2 0l?/m  Now we obtain

. 1
(F 0 Ago Fa)lpam.:)(s) = /R e2risr 1

Wd—1

1 . o 1 )2
— / / e—27r1r(<zvf>—s)e—772;drd£ _ / F |:e—7r2(72L:| (<Z’£> B s)dg
Wd—1 Jsa-1 Jr Wd—1 Jgd-1
—mi(z —S8 2
= Eetgy s | fm /e M) =5

Then we derive

/ e72ﬂi(z,r§)efﬂ2%d§dr
gd—1

<‘1>, ‘Pd,m,z> = EﬁNUSd_1 [<fv @l,m,(z,ﬁ)”'

Since f is continuous, even and slowly increasing, we obtain from (25) in the proof of
Theorem 4.7 that there is a slowly increasing function g € C(R?) that is independent of
m and £ such that

‘(fv (pl,m,(z,§>>| < g(z) for all z € Rd.

Therefore, we can apply Lebesgue’s dominated convergence theorem and Lemma 4.6 to
conclude
li

i (@, pan,s) = Eeag,, F((E 2] = F(l12]).
Let ¢ € S(R?) be arbitrary. By [39, Thm. 4.45], the convolution ¢, 0 * ® is a regular
tempered distribution generated by the function z — (®, g, ). Since the convolution

with the approximate identity (g, o converges in S(R?) by [1, Thm 2.3], we obtain

@) = Jim (Camox .5) = lim [ (@ gumadp(e)dz = [ Fllelpl)de
In the last step, we employed again Lebesgue’s dominated convergence theorem with
the majorant wy_1¢g(z). Hence, ® is a regular, continuous, even and slowly increasing
distribution. The validity of (21) follows because R} and the Fourier transform are
bijective on radial distributions by Lemma 4.4. O
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E. Riemann-Liouville Fractional Integrals and Derivatives

In this section, we briefly describe the relation between Abel-type integrals (5) and
Riemann-Liouville fractional integrals together with their inversion formula via frac-
tional derivatives. For more information, we refer e.g. to [48, 49].

Denote by ACjoc([0,00)) the space of functions that are absolutely continuous on any
interval [0,b] with b > 0. In particular f € ACioc(]0,00)) if and only if there exists

g € Li([0,00)) with f(z) = [y g(t)dt + f(0) for all z > 0. Moreover, for n > 1,
the space ACq. ([0, 00)) cons&sts of all functions f € C»~1)([0,00)), such that 1) ¢
ACloc([0,00)). Let @ > 0. Then, for g € L{ ([0,00)), the Riemann-Liouville fractional
integral is given by

1

(I$g)(s) = (o) /OS g(t) (s —t)*Ldt, forall s€ (0,00),

and the fractional derivative of g € AC ([0, 00)) by

(D2G)(s) = (n_a ds /G yr-o-L g,

where n = |a] + 1, see [49, Thm. 2.4]. If o € Ny, then D¢ is the a-th derivative. For
9 € LIOC([O’ OO)) and G € I—?—( loc([o OO))), it holds

D%Itg=g and I{DIG=G. (45)

By [49, Thm 2.3], we have f € I¢(L]

loc

[0,00)) if and only if

F=I 0 p e actt)((0,00)) and fR(0)=0Vk=0,...,[a),  (46)

loc

where the first condition is fulfilled if f € AC LaJH([ o0)), see [49, p 37].

loc

Theorem E.1. Ford >3, let F € CLY2([0,00)) and G(t) == F(vVt)t“" "2/, t > 0. Then

the function
2s

1) = @)

is in C([0,00)) and fulfills F(||z]]) = B¢, , [f(I(,2)])]. Moreover, if the [d/2]-th
derivative of F' is slowly increasing, then f is slowly increasing.

(Dfil)/QG) (s?), s>0,

Proof. Set a:= (d-1)/2 and n = |a] + 1.

1. First, we show that I¢DYG = G. To this end, we have to ensure that (46) holds
true. Since F € CLY?)([0,00)), we obtain

G/(S) _ %F/(\/g>8(d73)/2 + 51;22}71(\/5)8&1—4)/27 (47)
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which has an integrable singularity in s = 0 if d = 3. We distinguish two cases.

Let d be odd, so that « is an integer,
|d/2] = (d-Dfs =a=n—1,

and F € C"1([0,00)). By recursively applying (47), the (n — 1)-th derivative of G
exists and is continuous on (0, 00) with an integrable singularity s~"/? at 0. Therefore,
G € AC . ([0,00)). The function I7"*G = ILG is the antiderivative of G and therefore
we have I *G € AC"([0,00)). Concerning the second condition in (46), we have for k =
0,...,n— 1, that (ILG)®(0) = G*~1)(0) = 0. Hence, (46) is fulfilled and I$ DG = G.

Let d be even, so that n = d/2 and F' € C"([0,00)). We can differentiate G by recursively
applying (47) at least (n — 1) times continuously, where the (n — 1)-th derivative has
the form G~V (s) = G(y/s) with G € C'([0,00)). Hence G (s) = Y (2y5)G'(v/5) €
Ll ([0,00)), which yields G € AC}. ([0,00)). By [49, p 37], the first condition in (46),
namely I77%G = Il/2G € ACL.([0,00)), is satisfied. For the second condition in (46),
we show that I +/2G( ) € O(s“"2) for s\, 0, which implies that (I;*G)*®(0) = 0 for
k=0,...,n—1. Using the substitution ¢t = sz, we obtain

f 1G(s) = 577" /

S 2

a—2

1 2
F(vas d‘HOFO/x dz < oo.
[ 4 e

In summary, we have IYDYG = G.

2. Next, we define
g=D}G and f(s)=sg(s*)=s (Dj"_G)(sQ),

which are both in C([0,00)). By (45), it holds I¢g = G and we obtain with the substi-
tution ¢ = sz? that

27d

PV =~ % 13005) = ™ [ as =0T ar
1 d—3
/f\[ e (2&)/0 Fa5)(1 — 22) "7 da.

By Theorem 2.1 this implies F(||z||) = L 1f((¢, 2)])] and we have proved

CdF( )Eé'\/
the first assertion.

3. Finally, let F(19/2]) be slowly increasing. It remains to show that f is slowly increasing,
too. If d is odd, then F'*) for k < « is slowly increasing, and thus also DG = G
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is slowly increasing. If d is even, then F(*) for k < n is slowly increasing and thus also
G From the equality

o B Y2 [ G™) (t) ., 1 G(”)(sa:)
VTDSG(s) = /wl} D+G(s)—/0 mdt—\/g/o ﬁdx,

we see that also DY G is slowly increasing. In both cases, g = D{G is slowly increasing
and thus also f(t) = g(t?)t is. O
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