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Abstract

This paper concerns diffraction-tomographic reconstruction of an object characterized
by its scattering potential. We establish a rigorous generalization of the Fourier diffraction
theorem in arbitrary dimension, giving a precise relation in the Fourier domain between
measurements of the scattered wave and reconstructions of the scattering potential. With this
theorem at hand, Fourier coverages for different experimental setups are investigated taking
into account parameters such as object orientation, direction of incidence and frequency of
illumination. Allowing for simultaneous and discontinuous variation of these parameters, a
general filtered backpropagation formula is derived resulting in an explicit approximation of
the scattering potential for a large class of experimental setups.

1. INTRODUCTION

The Helmholtz equation. We consider an inverse source problem for the Helmholtz equation

—(A+k)u=g inRY (1.1)

where kg is a positive constant and g an integrable function with compact support. Given
measurements of the unique outgoing solution u, the aim is to reconstruct g. Our first result
connects the Fourier transform of g with that of u restricted to a hyperplane and may be seen as a
generalization of the well-known Fourier diffraction theorem [21, 38, 48]. Let F: S'(R?%) — S'(R%)
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be the partial Fourier transform along the first (d—1) coordinates. Then, Fu is a locally integrable
function given by

Jz"u(x,rM) = \/zl (ei”rM]:(g_)(x, K) + e_i”TMf(g+)(x, —/@)) , XE€ Rd_l, M eR, (1.2)

K
where k = k(x) is the principal square root of k — |x|* and F is the Fourier transform
on R, continued analytically to C¢ for \x|2 > k2. The functions g* and g~ are defined by

g% (r) = g(r) if rg = ryr and gF(r) = 0 otherwise. Assuming that u is measured on the hyperplane

{reR?: 7y =y}, then (1.2) relates the spatial frequency components of the data to those of
+ —
g and g~.

Theorem 3.3 where (1.2) is proved generalizes [28, Thm. 3.1], which covers only the case d = 3
and requires the compactly supported inhomogeneity g to belong to LP(R?) with p > 1. The
stricter condition on ¢ in [28, Thm. 3.1] is a consequence of the dependency on integrability
estimates of u, see Remark 2.3, in its proof. In contrast, the proof of Theorem 3.3 relies on a
certain continuity of the map g — u established in Theorem 2.4 for which the weaker assumption
g € L'(R?) is sufficient. There exist many other formulations of the Fourier diffraction theorem
in d € {2,3} such as [5, 9, 21, 37, 38, 48] that only consider the plane wave case discussed in
the following paragraph. Among these references, [38] imposes the stronger assumption that
g € L?(R%), while the others do not state the conditions explicitly. In general, the derivations in
the above cited references are based on the plane wave decomposition of the Green’s function of
the Helmholtz equation. The proof of Theorem 3.3 on the other hand is done in the framework
of tempered distributions with the major component being, besides Theorem 2.4, the partial
Fourier transform of the Green’s function given in Lemma 3.2.

Diffraction tomography. The Helmholtz equation (1.1) arises as a model for the scattering
of time-harmonic waves U(r,t) = Re(u™*(r)e™“!) from a bounded inhomogeneity. Assuming
that the wave motion is caused by an incident field v"® propagating through a homogeneous
background until it meets the scatterer, a common model for the resulting scattered field

usc® = utot — yinc s

—(A + ED)us = k2 fut*t in R (1.3)

In addition, u**® satisfies the Sommerfeld radiation condition, see [7, Chap. 8.1]. In this context,
ko > 0 is the wave number of the incident field 4", which is assumed to solve Au'"® + kZu'" = 0,
and the normalized scattering potential f is given by

n(r)?

fr)=—5—1, reR? (1.4)
1o

SCa

where n is the refractive index. Outside the bounded inhomogeneity, we have n(r) = ng, so f is
compactly supported. In general f has a nonzero imaginary part in order to allow for absorption.

Two common simplifications of this scattering model are the Born and the Rytov approximation,
each leading to an equation of the form (1.1). The first-order Born approximation neglects the
term k3 fus® on the right-hand side of (1.3) and reads

—(A + B = K2 fule, (1.5)

The first-order Rytov approximation is based on the ansatz u'! = u™°e¥ with a complex phase

function ¢ and leads to . .

—(A + B () = K2 fue, (1.6)
Further details on the derivation and validity of these approximations can be found, for instance, in
[21, Chap. 6] and also [13]. Within this framework, the inverse problem of diffraction tomography,
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see [10, 21, 38], can be formulated as follows: Given knowledge of the incident field 4™ as well
as measurements of the scattered wave on a hyperplane in R¢, recover the scattering potential f
based on (1.5) or (1.6).

A key result underlying diffraction tomography, the Fourier diffraction theorem, can be obtained
as a special case of (1.2) by setting g = k3 fu'™, see (1.5), and assuming that (i) measurements
are taken outside the support of f and (ii) the incident field is a plane wave u"®(r) = eikors
propagating in direction s € S?~!. Then (1.2) becomes the more familiar

. 7 ikZetirry .
Fu(x,ry) = 3 ———Ff((x,xK) — kos) if r\p 2 rg for all r € supp f. (1.7)

K

Note that (1.2) can be used to obtain a relation between scattered wave and scattering potential
even when 4™ is not a plane wave, see Remark 4.2.

In applications, mainly the spatial frequencies x € R4~ with |x| < ko are relevant. This provides
information about Ff at the points (x,+k(x)) — kos on a sphere in R¢ with radius kg and
center —kgs. Knowledge of F f on this set only is not sufficient for a reasonable recovery of f.
Therefore, reconstruction algorithms in diffraction tomography crucially rely on data collection
strategies gathering additional information by varying one or more of the following parameters
of the experiment: (i) the direction s of the incident wave, (ii) the orientation of the scatterer
described by a rotation matrix R € SO(d), or (iii) the wave number kg of u™™°. In Section 4, we
investigate how changes in each of these parameters (plus additional ones which are shown to be
ineffective) influence the coverage in Fourier space. A general experiment, where all parameters
are allowed to change simultaneously depending on time ¢ € [0, L], leads in R to the Fourier
coverage

Y= {R(t) ((x, £r(x, 1)) — ko(t)s(t)) e RE: 0 <t < L, |x| < k:o(t)} ,

where k depends on t through kg.

Filtered backpropagation. Filtered backpropagation, as pioneered in [9], provides an explicit
reconstruction formula for

[NJisH

fy(r) = (2m) L Ffly)e™ dy

for every r € R?. The idea is to first apply the change of coordinates
y =T(x,t) = R(t) ((x, 5(x, 1)) — ko(t) s(t)) ,

and then use the Fourier diffraction theorem (1.7) to replace the spatial frequency components
of f with those of the measurements u. One issue with this approach is that T is far from
injective in general. Therefore, in order to correctly extend filtered backpropagation formulas to
the general setting proposed here, one has to account for the lack of injectivity by means of the
Banach indicatrix

Card (T !(y)),

where Card denotes the counting measure. While the Banach indicatrix can be difficult to
determine in general, we suggest a numerical procedure for estimating it.

Another issue, not only with filtered backpropagation but with diffraction tomographic methods
in general, is the missing cone problem, cf. [29, 32, 33, 47]. This is the observation that for
many experimental setups the Fourier coverage has significant cone-like holes close to the origin,
see Figure 2 or Figure 5, for example. Consequently, a considerable portion of the low spatial
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frequencies of f is not available for reconstruction, thus leading to poor results. The missing cone
problem can be overcome, for instance, by consecutively rotating the object around more than
one axis or by subsequently illuminating from more than one direction during rotation. In order
to correctly incorporate the resulting measurements into a single backpropagation formula, we
allow the functions R(¢), s(t) and ko(t), and hence T', to have jump discontinuities. We establish
the corresponding backpropagation formula allowing for noninjective and discontinuous 1" in
Theorem 5.4. Subsequently, we present an improvement of this formula for real-valued f that
exploits the conjugate symmetry of f and ensures that the reconstruction fy is real-valued as
well. In general, it enlarges the Fourier coverage while reducing the amount of data required
to achieve a certain coverage. Numerical tests show that the new backpropagation method can
provide a reconstruction quality similar to the inverse NDFT method while being faster. The
speed advantage becomes especially relevant when the reconstruction is used inside an iterative
method such as for phase retrieval, see [2, 3], where the Banach indicatrix needs to be computed
only once.

Outline. This article is organized as follows. After reviewing certain results concerning the
well-posedness of the forward problem g — wu associated to (1.1) in Section 2, we prove the
generalized Fourier diffraction theorem in Section 3. Section 4 is devoted to the systematic
study of Fourier coverages resulting from various experimental setups. A universal filtered
backpropagation formula together with some extensions and special cases is derived in Section 5.
Finally, the discretization is discussed in Section 6.1, where we also present an estimation method
of the Banach indicatrix. Numerical experiments are performed in Section 6.2.

2. THE HELMHOLTZ EQUATION IN R?

In this section we recall results concerning outgoing solutions to the Helmholtz equation
—(A+k)ulr) = g(r), reR% (2.1)

for compactly supported g. A solution u of (2.1) is outgoing, if it satisfies the Sommerfeld
radiation condition 5

TILI% rT <; - ik‘ou> =0 (2.2)
uniformly in s, where r = rs, r = |r|, and J/0r denotes the radial derivative. The significance of
the Sommerfeld radiation condition is twofold. First, it characterizes outgoing waves. That is,
if u satisfies (2.1) and (2.2), then U(r,t) = Re (u(r)e "), w > 0, physically corresponds to a
wave propagating away from the scatterer [8, Chap. IV, §5]. Second, the Sommerfeld radiation
condition ensures uniqueness for (2.1), see Theorem 2.1. Due to the hypoellipticity of A + k2,
every distributional solution u of (2.1) is smooth on R?\supp g, so that the differentiability
requirement implicit in (2.2) is always met for compactly supported g, see [15].

We denote the space of test functions by D(R?), which consists of all compactly supported smooth
functions, and the space of distributions by D’(R?). Furthermore, we will need the Schwartz
space S(R?) of rapidly decreasing, smooth functions and the space of tempered distributions

S'(R9).
An outgoing fundamental solution of the d-dimensional Helmholtz operator —A — k3 is given by

d—2

6w = ¢ (500) " HL. Gl 23)

27r|
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where H{" is the Hankel function of the first kind and order a. See [35, Chap. 9] for a derivation
of (2.3). The function G is also known as Green’s function for the Helmholtz equation. Note
that G e C*(R%\{0}). Moreover, the limiting forms

_ip z)~
HD()~ {7 (@(3) 7, Rea>0. o (2.4)
211

;Og(Z), CLZO,

and

HW(2) ~ 4 /%ei(z_%_ )7 for z — o, (2.5)

imply that G belongs to L (R%) n &’(R?) and that

loc

INE]

G(r):o(|r|l%d), for |r| — o0, (2.6)

see [39, (10.2.5), (10.7.2), (10.7.7)]. Concerning tomographic reconstructions in the two- and
three-dimensional space, notable special cases of (2.3) are

(: iko|r|
1€
d=1
2]{70 Y Y
L
G(I‘) = ZHO (ko |I'|), d= 27 (27)
iko|r|
€
—_— d=3.
4r|r|’ 3

The following theorem shows that outgoing solutions of (2.1) are unique in D’(R¢) and that, in
particular, G is unique. Related results are [43, 46]. See also [8, Chap. IV, §5] or [35, Thm. 9.11].

Theorem 2.1 For every g € D'(RY) with compact support, there is at most one outgoing solution

of (2.1).

Proof: Suppose u € D'(R?) is an outgoing solution of (2.1). Every other solution of (2.1) can
be written as u + v where Av + kv = 0 on R%. But u + v can only be outgoing, if v is. It now
follows that v must vanish identically from Green’s formula, also known as Green’s third identity,

v(r) = J vVGy -n — GyVv-nds, (2.8)
0B

where r € R? is arbitrary, B is a closed ball not containing r, G is a shorthand for G(r — -) and
n is the outward pointing unit normal. See [7, Thm. 2.5] for d = 3 or [35, Thms. 7.12, 9.6] for a
more general formulation. Applying Green’s second identity to (2.8) and exploiting the fact that
both v and Gy solve the homogeneous Helmholtz equation in B shows that v(r) = 0. o

Theorem 2.2 For every g € L'(R%) with compact support, u = g+ G € L} _(R?) n S'(R?) is

the unique distributional solution of the Helmholtz equation (2.1) that satisfies the Sommerfeld
radiation condition (2.2).

Proof: First, u = g = G solves (2.1) in the distributional sense, because G is a fundamental
solution of —A — k2. Next, we show that u € L{ (R?) n S’(R?). Take a compact set K = R?
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and a bounded set B D supp g. Using the Fubini—Tonelli theorem, local integrability of G and
the Minkowski difference K — B, we obtain

| ear< | | o6 -yl ayar
= | o)l | 160~y aray
R4 K
[ sl i6] dudy
R K-y
<| 16l du | lo)lay

< Gl g1 x5y 19l ey - (2.9)

Therefore, u is locally integrable. By (2.6), there exists a radius R > 0 and a constant C' > 0
such that

u(r)] < JB 9(¥)G(r —y)| dy < C gl L1 (re) (2.10)
when |r| > R. So, u can be identified with a tempered distribution.

Concerning the Sommerfeld radiation condition let r ¢ supp g. Then we have

u

o G(r—y)—ikoG(r—y) .

oG
or

(r) — ikou(r)

< gl sup
yesupp g

Since supp g is compact, the right-hand side has the same asymptotic behavior for |r| — o0 as
0G/0r(r) — ikoG(r). Therefore, u satisfies (2.2).

The uniqueness of u follows from Theorem 2.1. o

Remark 2.3 While Theorem 2.2 only asserts that u = ¢ * GG is a distributional solution of
(2.1), under slightly stronger assumptions it can be shown that u is actually a strong solution.
Specifically, let d > 2 and g € L"(RY) with » > max(1,2d/(3 4+ d)) and compact support.
Furthermore, let p,q > 1 satisfy

d+1 1 1 d-1 2

<7 < ’ <757 71
psT 2d p q 2d d+1

Then one can apply the estimate
¢ = GHLq(]Rd) <C H¢”Lp(]}{d) , forallge S(Rd),

from [24] (see also [12, Thm. 2.1] and [18, Thm. 6]) to conclude that u € L9(R%). Using elliptic
regularity theory, one can argue that u € I/Vli’Cp(IRd), see [11, Prop. A.1].

The proof of Theorem 3.3 requires the following continuity result for the map g — u. It takes
into account the compact support of g but otherwise requires less regularity than Remark 2.3.
We denote by Bfé the open ball in R? centered at 0 with radius R.

Theorem 2.4 If g, — 0 in L*(R?%) and | J, supp gn is bounded, then g, * G — 0 in S'(RY).
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Proof: Let B = | J,, supp gn. There exists a sufficiently large R > 0 such that for any ¢ € S (RY)
we obtain

< f Jgn * GO dr + f lgn * G()(x)] dr

B% R4\BY,

< (1611 as 3 I ety + Clll sy ) lom s ey

j g G(r)(x) dr
Rd

where we have used (2.9) for the first and (2.10) for the second integral. For n — 0, we conclude
that

f oo+ G(r)p(x) dr — 0
Rd

and therefore G % g, — 0 in §'. o

3. A GENERALIZED FOURIER DIFFRACTION THEOREM

We denote by F; the partial Fourier transform with respect to the j-th coordinate. That is, if ¢
belongs to the Schwartz space S(R?), we define

1 .
.7:j¢(r1, ceey i1, ]{j, Titly--- T’d) = (27T)_5 J ¢(I‘)e_lk77"] d?“j.
R

Note that F; can be extended to a continuous linear bijection with continuous inverse on the
space of tempered distributions S’(IR%). The usual d-dimensional Fourier transform is given by
F =Fjo0---0Fy. We also use the shorthand § for Fg.

If d = 2 the Fourier transform with respect to the first d — 1 coordinates is abbreviated by

FomFiooFu (3.)

Similarly, for r € R? we define the truncated vector & = (r1,...,7q_1) € R¥™!. We also let

o R €, () = 4 VR < Ko, (3.2)
’ WIF2 -k, |F| > ko

Lemma 3.1 Letd > 2. Then 1/k € L (RY) and ¢ — Sga &(r)/k(F) dr is a tempered distribu-
tion.

Proof: Concerning the first claim we have |k(F)| = +/ko |ko — |F|| and therefore, for every R > 0,

dr R pd=2 4,

— < — <O | ——— <+,
L’gl [K(E)]  JpLr y/ko [ko — |E|] o A/ Iko—r7]

This shows that 1/ € LL (R?1) and consequently 1/x € L{ (RY) as well.

o,
=

(3.3)
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For the second claim let R > ko. Then |k| = /ko(R — ko) on S := {r e R?: || > R}, and for an
arbitrary ¢ € S(R?) it follows that

szsd“’vr ¢r

<W%%meMWwM%H%R% ﬁw|m
R R [F|<R

<C (JR S |¢(r)| dzq + JRd o(r)] dr) -

Both of these integrals can be bounded by appropriate seminorms on S(R?). For the second one
we recall that S(RY) is continuously embedded in L'(R?). The first one can be estimated by

2
JﬁwWﬂm=JmeWW%NM%WﬁMMWOfdw

r ‘

]Rdﬁ

|F|<R 1+ Td |F|<R rqeR |F|<R r1+ yc2l
< Csup |[(1+77)o(r)|. o
reRd

Lemma 3.2 Let d > 2. The partial Fourier transform FG is given by the locally integrable

function
1—d lel‘%(f) |rd‘

F =(2n) 2 4
Fa) = (2m) 75 o (3.4
Proof: The d-dimensional Fourier transform Gisa tempered distribution and can be expressed
as
R k
(G, ¢) = (27)"% lim %dk, b e S(RY). (3.5)
e—0t JRrd |k‘2 — 1€

This formula can be derived as follows. Given € > 0, con81der the Helmholtz operator —A —(k +ie).
An outgoing fundamental solution of this operator is given by

d—2
_i (kN 4o
Gﬁ(r) - 4 <27TI"> Hd;Q (k ‘I‘|)

where k denotes the principal square root of k3 + ie, see [35, Chap. 9]. Since G, is a fundamental
solution of —A — (k2 + ie) and a tempered distribution, its Fourier transform may be identified
with the locally integrable function G.(y) = (2m)~%?(|y|?> — (k3 + ie))~!. Further, by using
the asymptotic estimates (2.4)-(2.5), see also [11, (13)], and Lebesgue’s dominated convergence

theorem it can be shown that G, S, G and therefore also Ge S, G, which is (3.5).

Exploiting the fact that F = F, q LF we obtain

T -1 lek‘d k
<IG,¢>=(2 ) 2 lim ‘F‘d—(b()dk:( hmj f Qb Td)dddk
e—0t JRd ‘k|2 1€ e—0t Jra Jr ’k‘?
Applying Fubini’s theorem to interchange integration with respect to kg and r4 we obtain
6.0y - 2 i [ ot [ kgt
= 2 e
; T Jim, ]qub \Td e p—— ad(k,7q).

Concerning the inner integral define k. as the square root of k2 + ie with positive imaginary part
and use formula 17.23.14 in [17] to obtain

elrdkd " elT’dkd " el’l”dkd " ike(k)|ral
J]R k|2 — k2 —ie 4= fR k2 — r(k)? — ie ¢ J;R k2 + (—ike(k))2 ‘- —ike(k)
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Thus, we have shown that

FG 2r) 5" li @ 3.6
) = 2 m ) S TN 9 . .

FG )= (ar)' lim | otk ra) G~ dhr (36)
Finally, we can interchange limit and integral by Lebesgue’s dominated convergence theorem,
since |k| > |x| and the integrand in (3.6) is dominated by |¢|/|2|, which is in L'(R¢) according
to Lemma 3.1. Therefore,

7~d(k,7’d). m]

iei’{(l})"rc”
2k(k)

FG.o) = 2m)'F | oler)

Having found FG we calculate Fu in Theorem 3.3. For d > 2 define
t.opd-1 _ od pEsy . [ T
h*™: R C% h™ (r): (i%(f)) . (3.7)
We also introduce the half space
Eazz{ye]Rd:deQ}, a€R,

and the indicator function 14 of a set A, which is defined by 14(z) :==1if x € A and 14(x) =0
otherwise. Regarding the right-hand side of (3.8) below, we recall that the Fourier transform of
a function with compact support in R¢ can be extended to an entire function on C¢.

Theorem 3.3 (Generalized Fourier Diffraction Theorem) Let d > 2. Assume that g €
LY(R?) has compact support. Then Fu, where u = g * G, is given by the following locally
integrable function

~ T i

Fulr) =\ [y (O F (1= 15, )0) (0 @) + O F (15,0) @), ()

for v € R with |#| # ko. If rq is sufficiently large or sufficiently small such that

+(rq—vyq) >0 forallye€suppy, (3.9)
then (3.8) simplifies to

o [mietk®a
Fu(r) _\ﬁ i) (3.10)

Proof: There is a compact set K < R? and a sequence (g,) < D(R?) converging to g in L'(R%)
such that K contains the supports of g and all g,. Define u,, = g, * G. Then, in the sense of
tempered distributions we have

Fun = F' Flg = @) = (2m)3F; 1 (3.0) = (2m)'F Fg, * FG,

the last equality being a consequence of the convolution theorem for partial Fourier transforms
d

and = denoting partial convolution along the d-th coordinate, see [28, Def. 8.21, Thm. 8.22].

Taking into account Lemma 3.2, it follows that

7 jelr(®)lra—yl Fo (Fa)d
un(r) = J;R O 9n (T, y) dy
wherever x # 0. So, for every ¢ € S(R?)

-3, 28

J FOlra=vl Fo (7, ) dy dr. (3.11)
R
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Next, we rewrite the inner integral as a sum of two d-dimensional Fourier transforms.

f GHOlra=y F g (5 4) dy
R
+o0

Td o ~ (3 T
- J "Dy Fy, (7,y) dy + f "W Fg, (£,y) dy

—0o0 Td

— olf(F)ra fR 1(—oo,rd)(y)e_in(f')yﬁgn (f,y)dy + g in(F)ra J;R 1(Td,00) (y)eiﬁ(f‘)y-ﬁgn (f,y)dy

ik(f)ryg
€ ~ —i(XF4k(F ~
——(2) | 1 @ ) ET O d )
T) 2
e in(F % F—(F -
+—( j 10y (9)gn (s ) FT—REW) (5 )

= 2m)F ("D F((1- 15, )9) (0F () + O F (15, 9.) (h7()))

Therefore (3.11) equals

(Fin, #) = \f ) (0 (1~ 15, ) 9) (0 () + €O F (1, g,) (0 () .
re K (F (3.12)

Now consider the limit n — o0 in (3.12). Regarding the left-hand side, we have u, — v in &’ (R%)
by Theorem 2.4, since | J,, supp g, < K is bounded. Continuity of 7 on &’ (R?) gives

lim (Fuin, ¢) = (Fu, ¢y, for all ¢ e S(R?).

To resolve the limit on the right-hand side we use the dominated convergence theorem. The
pointwise limit of the integrand is given by

O (O F (1= 15,,)g) (7 (E) + e " OWF (1, ) (0 ()). (3.13)

K (F)
To see this, we note that g, — g in L'(K) and also 1g,,9n — 1g, g9 in LY(K) for all
rq¢ € R. Consequently, F(1g, g,) — F(1g,,9) pointwise on C?, cf. [20, (7.3.1)]. Hence
F(g, ,92)(h™(¥)) — F(1g, g9)(h™(F)) for all r € R?. Analogously, we find that F((1 —
15,,)9n)(h* (F)) — F((1 — 1p,,)g)(b* (F)) for all r € R”.

Next, it follows from (3.11) that the integrand is bounded by /27 ||gn | 1 |¢/2k|. Since we can
find a C such that |g,| ;1 < C|g|;: for all n we have found an upper bound.

Finally, it follows from the dominated convergence theorem that (3.13) is in L'(R¢) and

<]-'u ¢> = 1\/7 n E lli(f')Tdf(<1 _ 1Erd )g) (h+(f‘)) + e_i“(f)Tdf(lErdg) (h_ (f‘))) dr

for all ¢ € S(R?), which proves (3.8). Furthermore, if (3.9) is fulfilled, one of the two Fourier
transforms on the right-hand side of (3.8) vanishes, while the other one equals g, so that we
obtain (3.10), which finishes the proof. o

Remark 3.4 (1D Fourier diffraction theorem) Theorem 3.3 can be extended to dimension
d = 1 in the following way. Let g € L'(R) be compactly supported and recall from (2.7) the
simple expression of the one-dimensional fundamental solution. Then a direct calculation yields

i

u(z) = T Jﬁg(y)eikow_y dy = \/Zklg (eikom}—((l —15,)9) (ko) + ¢ " F (1p,9) (—ko)> :

If x lies outside the support of g, that is, +(x — y) > 0 for all y € supp g, then

Ti L
u(z) = \/;meil’“oxg&ko).
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FIGURE 1. Measurement setup for d = 3 with the open interval I (f) marked in red
along the rs axis. The incident field has direction s and wavelength 27 /kq.

Remark 3.5 Since g has compact support, Fu is smooth wherever |f| # kg according to (3.8).
On the other hand, consider ¥y € R~! with |#g| = ko and note that F((1 — 1p,,)g) oh* and
F(1g,,9) ch™ are continuous functions on R?~!. Evaluating the long bracket in (3.8) at (g, ry)

gives §(Fo,0) for every rq € R. Thus, the function Fu has a singularity at (fo,7q), for every

rq € R, ifg(f'(),()) # 0.

equation is

where u™

4. FOURIER COVERAGE

In this section we investigate some of the ramifications of Theorem 3.3 for data collection
strategies in diffraction tomography. Therefore, we return to the inverse scattering problem
outlined in Section 1. Under the Born or Rytov approximation, cf. (1.5) and (1.6), the governing
~(A 4+ K)ulr) = B2 f(0u(x), TR (4.1)
is the incident wave and the outgoing solution u approximates the scattered wave.

C
The normalized scattering potential f, recall (1.4), is the unknown we aim to reconstruct. From

now on we impose the following assumptions, which are standard in diffraction tomography.

(i) The incident field is a plane wave u"°(r) = e*0ST for some s € S9!

(i) The measurement hyperplane {r € R? : 74 = r} is disjoint from supp f, i.e. condition (3.9)
(4.2)

holds. Introducing the intervals
=I*(f)={zeR:x =y, for all y € supp f},

Ii

this condition can be written as ry € I+.

Figure 1 illustrates the measurement setup. The following d-dimensional version of the Fourier
diffraction theorem, see also [21, 38, 48], is now an immediate consequence of Theorem 3.3.

Recall the partial Fourier transform F in (3.1), x in (3.2) and h in (3.7).
Corollary 4.1 (Fourier diffraction theorem) Let d > 2 and assume that f € L'(R?) has
compact support. Then, for x € R*™1 with |x| # ko, the outgoing solution u of (4.1) satisfies

if rv € I (f). (4.3)

.FU(X, 7/‘1\/[) =

T ieiin(x)erQ R
V3 i o) — o),

K(x)
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Remark 4.2 (Variants of the Fourier diffraction theorem) In the present article, the
main application of Theorem 3.3 is the special case Corollary 4.1 based on assumptions (i) and
(ii). On the other hand, it is precisely the absence of these assumptions which makes Theorem 3.3
more general and potentially more widely applicable. That is, Theorem 3.3 could be used in
situations, where the data are collected on a hyperplane passing through the inhomogeneity or
where the incident field 4™ is not a plane wave. Consider, for instance, an incident Herglotz
wave

u™(r) = Ld_l a(s)eST ds(s),

where a € L2(S™!). Replacing g in (3.10) with k2 fu'™ and changing the order of integration
yields

5 T tik(x)rm .
Fu(x,ry) = \/;W Ld_l a(s) f(h*(x) — kos) ds(s).

K(x)

Such relations between Fu and f have recently been used for tomographic reconstructions in [27].
Moreover, we note that the applicability of Theorem 3.3 is not restricted to outgoing solutions:
Suppose w is an arbitrary solution of (2.1). Then w = u + v, where u is the outgoing solution
and Av + kgv =0 on RY. If Fv can be calculated, then Fw = Fu + Fv and, using Theorem 3.3,
one obtains a formula for Fw. Finally, we remark that there are vector-valued versions of the
Fourier diffraction theorem, see [30, 36].

So far all parameters of the experiment were kept fixed. In that case the Fourier diffraction
theorem in (4.3) gives information about F f on the hemisphere

{h*(x) — kos : x e R4, |x| < ko} (4.4)

with center —kgs and radius kg. This is called the Fourier coverage or k-space coverage of the
experiment and we denote it by ) = R%. The restriction |x| < ko is made for the practical reason
that the larger spatial frequencies do not contribute to the physical measurements.

The set in (4.4), however, is only a null set. For a viable reconstruction, we need to obtain
more information, namely a larger Fourier coverage, by adapting the experimental setup. In this
section, we discuss how altering

(i) the direction of incidence s,
(ii) the orientation and position of the object,
(iii) the orientation and position of the measurement hyperplane, or

(iv) the wave number ko

affects the Fourier coverage ). Regarding the first three constituents, the decisive factor is their
orientation relative to each other. A change in one of them is equivalent to a corresponding
change in the other two. For instance, measurements obtained from rotating the object during
illumination can be reproduced, at least theoretically, by rotating the direction of incidence and
the measurement equipment in a corresponding fashion. Altering the wave number kg is different
in character and will be treated in Section 4.4. Finally, as a preparation for the general filtered
backpropagation presented in Section 5, we consider in Section 4.5 an experiment where all the
above constituents may vary simultaneously.
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Y2 Y2

//\\ i i\ //: 7 /: 7

FIGURE 2. 2D Fourier coverage for incidence direction varying according to s(t) =
(cost,sint) where t € [n/4,3n/4] (left), t € [0, 7] (center) and t € [0,2n] (right).
Measurements are taken at ro = ry with rv € I, recall (4.2). The Fourier coverage
(light red) is a union of infinitely many semicircles, some of which are depicted in red.
Their centers lie on the dashed blue curve.

4.1. Direction of incidence. Altering the incidence direction s is known as angle scanning
[31] or illumination scanning [40]. Then instead of (4.3), we obtain for x € R4~!

5 : iim‘MkQ
Fug(x,rv) = \/Zleﬂo}"f (hJ—r — k:os(t)) , if myp e T3, (4.5)

where uy, 0 < t < L, is the scattered wave generated by the incident plane wave r — elfors(®)

and s: [0, L] — S% ! is the varying direction of incidence. Thus the Fourier coverage is given by
Y= {hi(x) —kos(t) e R : x| < ko, 0 < t < L}.

Geometrically speaking, it consists of translations of the semicircle or hemisphere (4.4) such that
its center stays at a distance of kg from the origin, see Figure 2.

4.2. Rigid motion of object. If the object moves according to a rigid motion (¢,r) —
R(t)"r 4 d(t) with a rotation matrix

R(t) € SO(d) = {Qe R :Q"Q =1, detQ = 1}

and a translation vector d(t) € R%, ¢ € [0, L], it has the normalized scattering potential f o ¥,
with
U;: R - RY r— R(t)(r —d(t)). (4.6)

We denote by u; = kZ((f o ¥;)u™®) + G the wave scattered by this transformed potential and
assume that ry € I7(f o ¥,) for all ¢ € [0, L]. Then (4.3) becomes

Fui(x,mv) = \/?k Ff (R(t) (0* — kos)) e 4O 07 Ho9), (4.7)
cf. [42, sect. 2.2]. In this case we obtain the Fourier coverage
Y= {R(t) (h*(x) — kos) € R% : |x| < ko, 0 <t < L} ,
which depends only on the rotation R but not on the translation d. It consists of rotated versions
of the semicircle or hemisphere from (4.4), see Figure 3, Figure 4 and Figure 5. Comparing with

Figure 2 shows that rotating the object is not equivalent to rotating the incidence in terms of
Fourier coverage.
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Y2 Y2 Y2

Ch T IR ON

(a) Quarter turn (b) Half turn (c) Full turn

Y1

FIGURE 3. 2D Fourier coverage for a rotating object, incidence direction s = (0, 1)
and measurements taken at ro = rv € IT. The Fourier coverage (light red) is a union
of infinitely many semicircles, some of which are depicted in red.

(a) Quarter turn (b) Half turn (¢) Three-quarter turn (d) Full turn

FIGURE 4. 2D Fourier coverage for a rotating object, incidence direction s = (1,0)
and measurements taken at ro = ry € IT. The Fourier coverage (light red) is a union
of infinitely many semicircles, some of which are depicted in red.

Y1

Y2

FIGURE 5. 3D Fourier coverage for a full rotation of the object about the ri-axis with
incidence direction s = (0, 1,0). Left and center: 3D visualization. Right: 2D cross
section through y1y2-plane. In this case there is no difference in the Fourier coverage

between ryvi € I or ry € ™.

4.3. Location of measurement hyperplane. Consider now moving the measurement hy-
perplane. It follows from (4.3) that the signed distance 7y from the origin to the hyperplane
does not affect the Fourier coverage, at least as long as it stays on one side of the support
of f. Therefore, we keep r\; fixed and rotate the measurement hyperplane around the origin
according to R(t) € SO(d). This is equivalent to rotating the incidence direction and the object
simultaneously. Denote by sg the original incidence direction. Combining (4.5) for the incidence
s(t) = R(t)"sp with (4.7) for the normalized scattering potential f(R(t)-), we obtain

7 ietirrm
ﬁut(x, ™) = \/;]-"f (R(t) (hi(x) — kOR(t)Tso))

K

_ \/Ziei“““ff (R()*(x) — koso) . if ra € IH(f o R(1)).

K
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The resulting Fourier coverage is
Y= {R(t)hi(x) —kosoe R%: x| < ko, 0 <t < L}.

The hemisphere h*, which is centered at the origin, is rotated before it is translated by the fixed
vector —kosg. This means that ) < {y € R? : |y — koso| = ko}. In contrast to the previous two
situations, the coverage is always a set of measure zero. See Figure 6.

Y2 Y2
Y1 Y1

FIGURE 6. 2D Fourier coverage for rotating measurement line, starting with the
measurement line ro = ry; € IT and rotating it clockwise. Left: Quarter turn. Right:
Half turn (or more). Note that the coverage is only the circle, not its interior.

4.4. Wave number. We examine how altering the wave number ky of the incident plane wave
affects the Fourier coverage. Denote by u; the scattered wave generated by the incident field
u™(x) = efoM)Xs with wave number ko(t) > 0 for t € [0,L]. We assume that the object’s
refractive index n and therefore also f does not depend on ko(t). Then, according to (4.3), we
have

B T ieii/i(xﬂf)’l’]v[k: ¢ 2 ]
Fug(x,7m0) =\/g X t)O( ) Ff (hi(x,t)—ko(t)s), if ryp e IE.

Notice that k(x,t) = /ko(t)2 — |x|2 and therefore also h*(x,t) = (x, +#(x,t))| depend on t in
this case. The Fourier coverage

Y= {hi(x,t) —k(t)seRT:0<t <L, x| < ko(t)}

is a union of hemispheres that are translated in direction of s and scaled such that each passes
through the origin. In contrast to the previous scenarios, there are large missing parts near the
origin, see the 2D case in Figure 7. This also holds in 3D, where the corresponding Fourier
coverages are obtained by rotating those depicted in Figure 7 around the yo axis.

Y2 Y2 Y2
Y1 Y1 Y1
7kmax T _;g'/

FIGURE 7. 2D Fourier coverage with s = (0,1) where the wave number ko(t) covers
the interval [Kmin, kmax]. Left: measurements taken at ro = ry with ry € 1T, Center:
rm € I7. Right: both measurements combined.
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4.5. Varying all parameters at once. Let us assume that the object rotation R(t) € SO(d),
the translation d(t) € R?, the incidence direction s(t) € SY~! and the wave number kq(t) € R
all depend on t € [0, L]. We denote by ui™(r) = e*0()rs() the corresponding incident wave and
by

uy = ko(t)? ((f o Wy) uitnc) x* G (4.8)

the resulting wave scattered by f o Uy, see (4.6). Analogously to (4.7), we have

- T ietir(xt)ry ko(t)Q . (B () ko B
T = \/; o T () (056 0) = ko(0)s())) e (000 ((Z i

if 7\ € I5(f o ), and the respective Fourier coverage is given by
Y= {R(t) (h*(x, ) — ko(t) s(t)) € R : [x| < ko(t), 0 < t < L} .

Remark 4.3 (Maximal cover) Assume that ko(t) has a maximum Amax. Then, under the
assumptions of Section 4.5 the set ) is always contained in a ball of radius 2kax. In 2D this
maximal coverage can be attained when the object makes a full turn and the propagation direction
of the plane wave is parallel to the measurement line, see Figure 4d. On the other hand, the fact
that Y is bounded while supp f is unbounded implies that f cannot be reconstructed exactly
using the Fourier diffraction theorem alone [48].

Remark 4.4 (Redundancy of measurement planes) So far we have always considered two
options for the location of the measurement hyperplane, ry € I~ or ry € I, each leading to a
different coverage in general. The following argument shows that all information obtained at one
hyperplane can also be obtained at the other by suitably adapting the incidence direction and the
orientation of the object. For instance, the frequency components of f obtained at I~ (and thus
via h™) can be accessed at I* (and via h*) when replacing the incidence sg = (s1,...,54) € ST
by (s1,-..,84—2, —Sd—1, —Sq) and using the rotation Ry = diag(1,...,1,—1,—1) € SO(d), since
we have for x € R~ with |x| < ko that

h*(x) — koso = Ro(h™ (21, ..., 24-2, —Ta—1) — ko(51, ..., Sd—2, —Sd—1, —5d)).
5. FILTERED BACKPROPAGATION

Filtered backpropagation formulae provide an explicit expression for a low-pass filtered approxi-
mation of the normalized scattering potential f, see [9], [21, Sect. 6.4.2] or [28]. Recall the Fourier
coverage J < R? of the experiment from the previous section. The filtered backpropagation of f
is defined by the Fourier inversion

fy=F 1y f).
If f is integrable on ), we can express the filtered backpropagation by the integral

fy() = (@)~ L F(y)evT dy. (5.1)

Before applying the Fourier diffraction theorem, Corollary 4.1, to express the right-hand side in
terms of the measurements u(-,7\), the integral is typically transformed into one over (x,t).
Recall that x = (z1,...,24-1) are the spatial frequencies of the measurements of the scattered
wave. This change of coordinates circumvents the irregular sampling in the Fourier domain,
which would result from directly discretizing (4.9).

The following characterization of the filtered backpropagation is a direct consequence of
Plancherel’s identity, which states that | f[ ,2(ga) = [ f] 2(ga) for all f e L2(RY).
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Theorem 5.1 Let f € L?(R?) and the Fourier coverage Y < R® be measurable. Then

(i) fy has minimal L? norm among all functions g € L?(R?) that satisfy § = f ony,
(ii) fy is the L? best approzimation to f in the subspace {g € L*(R%) : supp g y}, and
(iii) if Vi > Y, then | f = fy |l 2ray < If = fyl2(ma)

5.1. General filtered backpropagation formula. We consider the general experiment of
Section 4.5 in which the direction of incidence s(t) € SY~!, the object orientation R(t) € SO(d) and
translation d(t) € R?, as well as the wave number kq(t) > 0 can vary simultaneously depending on
t € [0, L]. As pointed out in Remark 4.4, we can restrict ourselves to a measurement hyperplane
with ry € I'T without losing generality. Therefore, we set accordingly h := h', see (3.7), and
define

U= {(x,t)eJRd;\xy <k0(t),0<t<L}. (5.2)

The Fourier coverage of the experiment is given by ) = T'(U), where
T:U —RY  T(x,t):= R(t)(h(x,t) — ko(t)s(t)). (5.3)

With this notation, we obtain by (4.9) the following relation between the scattered wave u; and
the normalized scattering potential f,

N s JAKTM 2 .
]:ut(X,TM) — \/§N31<3()(25) .Ff(T(X,t)) o1 () T(x,t) (5_4)
K

Remark 5.2 (Experimental setup with discontinuous parameters) The following back-
propagation formula in Theorem 5.4 specifically allows s, R and kg to be discontinuous functions
of t. This was done in order to be able to handle experimental setups where one or more of
those parameters do not change continuously but only attain a few discrete values, without
having to impose unrealistic smoothness assumptions. Imagine, for instance, an object which is
subsequently rotated about two different axes, or, one which, during rotation, is subsequently
illuminated from a finite number of directions. Such situations can be modeled by a piecewise
smooth rotation map R or a piecewise constant s, respectively. Subsequently, all obtained
measurements can be combined into one reconstruction using equation (5.7) below.

For proving the filtered backpropagation formula, we need the following change of variables
formula, which is due to [19, Thm. 2], see also [4, Thm. 5.8.30]. The quantity Card(T~(y)) is
called the Banach indicatriz of the map T, where Card denotes the counting measure.

Lemma 5.3 Let Q < R be an open set and let T: Q@ — R be a measurable map that has partial
derivatives a.e. in . Denote by det(VT) the determinant of the matriz formed by the partial
derivatives of T. Suppose, in addition, that T has the Luzin N property, which means that T
maps null sets to null sets. Then, for every measurable set £ < ) and every measurable function
v: R - R, the functions

v(T(r)) |det(VT(r))|1g(r) and v(y)Card(T  (y) n E) (5.5)

are measurable, where we set v(T(r))|det VT'(r)| = 0 if v(T'(r)) is not defined. If one of these
functions is integrable, then so is the other and

f o(T(r)) |det(VT(x))] dr f o(y) Card(T~1(y) r ) dy. (5.6)
£ R4
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Theorem 5.4 (Filtered backpropagation formula) Let f € L'(R%) have compact support
and L > 0. Assume that each of the maps s: [0,L] — S, R: [0,L] — SO(d), d: [0,L] — R?
and ko: [0, L] — (0, +00) is piecewise C in every component, i.e., except at finitely many points
t1,...,tm €[0,L], and that s', R', and ki, are bounded. Let u; be defined as in (4.8) and assume
that ryp € IT(f o Wy) for all t € [0, L]. Then, fy(r) is finite for all r € R? and

C1ea [ R(x, 1) TG 0Hd®) Fopy(xry) [det (VT(x, 1))
=2(2 _ d(x,t 5.7
fy(r) ( 7T) 2 J;/{ kQ(t)Q iel’i(xi)TM Card(T‘l(T(x, t))) (X7 )7 ( )
where the Jacobian determinant of T, as defined in (5.3), is given by
/ _ h . /
ot (9.1 — PR = BB D) - (ho()RD)s(1)) 655

K(x,t

Proof: We note that
T(x, )| < 2supfho(t) : ¢ € [0, L]}

for all (x,t) € U, cf. Remark 4.3. As k{, and therefore k¢ is bounded, the set Y is bounded.
Therefore, fy(r) is finite for every r € RY. We will prove the theorem through usage of the change
of variables formula in Lemma 5.3 with Q = R%, €& = U and v = 17@y). To this end, we need to
show that T from (5.3) fulfills the prerequisites of Lemma 5.3. By assumption, 7" has partial
derivatives a.e. on U, and we set T to zero on Rd\l/{ to obtain this property on whole Q = R¢.
According to [44, Lem. 7.25], differentiable maps from R into R? have the Luzin N property.
Now let £ denote the d-dimensional Lebesgue measure and consider E < U with £(E) = 0. Let
D = {(x,t) eU :t e {0,t1,...,tm, L}} be the set where T might not be C'. By decomposing
E =(EnD)u (En D with D¢ being the complement of D in U, we obtain

L(T(E))

L(T((E A D) u (E ~ D)) = L(T(E n D) u T(E n DY)
< L(T(E n D)) + L(T(E n D%)) < L(T(D)) + L(T(E ~ D)) =0

as T(D) is a finite union of hypersurfaces, recall (4.4), and T is C' on D°. Therefore, T has the
Luzin N property.

Next we show that the left-hand side of (5.5) is integrable, which is equivalent to det(VT) € L (U).
For almost every ¢ € [0, L] the Jacobian matrix of T is given by

oT oT oT
vro (& ),

or1 0Tg_1

where

or =Rah =R<ei—%ed>,

or  _oh r_ koky / '
~ = -+ R'h— (kyRs)' = == Req + R'h — (ko Rs)

and e; denotes the i-th unit vector in R?. Therefore, its determinant can be expressed as

/ kok! I
kok: 0o d—1
Oﬁoed+v>= . +det<—xT/n v),

where I;_; is the identity matrix of size d — 1 and v = R (R'h — (kgRs)'). For the determinant
of a 2 x 2 block matrix with invertible upper left block we recall that

A B\ _ A 0\ (I A'B B B
det <C D)_det(<c ]> (0 D_CA—13>>—det(A)det(D—CA B).

I
—x' /K

det (VT) = det (RTVT) = det (
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It follows that

I, 4 x v _h-v
det( —xT/k V)—Ud— T .
In total the Jacobian determinant equals
kok{, + h -
det (VT) = Foko +h - v
K

Due to the stated assumptions on kg, R and s the numerator is bounded. Therefore, the
determinant is integrable on U, if 1/k is. Recalling (3.3), we see that

L ko (t)
=J dbab) ‘SMU w3 [ g
L Ju 0

%l o /Iko(t) = pl

L
=2 )Sd”’ L ko(t)4=2 dt,

1

K

which is finite since kg is bounded. We conclude that the assumptions of Lemma 5.3 are fulfilled
and in particular (5.6) with £ = U and v = 17 yields

f Card(T (y))dy = J |det(VT(x,t))| d(x,t).
TW) u

Therefore, Card(T~(y)) < o for a.e. y € T(U). As Card(T~1(-)) > 0 on T(U), we may then
write

_d v Card(T(y))
fy(r) = (2m)"2 f eVITFf(y) m——— = dy.
y(r) = ( T(U) Card(T~(y))
Invoking Lemma 5.3 again, where we now integrate the function
_ ) eVTFEf(y)/ Card(TH(y), yeTMU),
u(y) = :
0, otherwise,
gives

- s SR

By (5.4), we can express F f in terms of the measurements and (5.7) is then established.

d(x,1). (5.9)

It remains to verify (5.8). We have already shown that

det (VT) = koky + h- (RT(R'h — (koRs)")) ‘

K

In order to finish the calculation, we only have to observe that the matrix R"T R’ is skew-symmetric,
which can be seen by differentiating the identity RT R = I,. Therefore, y - RTR'y = 0 for all
ye€ Rd. o

5.2. Non-absorbing object. In many situations, such as optical diffraction tomography of
biological cells, the refractive index n and therefore the normalized scattering potential f are
assumed to be real-valued, which means that absorption is neglected, cf. [2, 37]. Then the Fourier
transform of f: R? — R is conjugate symmetric,

Ffly)=Ff(-y), VyeR4 (5.10)

also known as Friedel’s law, where Z denotes the complex conjugate of z € C. The reconstruction
fy does not account for this symmetry. It might even happen that fy has a non-vanishing
imaginary part despite the fact that f is real-valued.



20 C. KirisiTs, M. QUELLMALZ, E. SETTERQVIST

By (5.10), we obtain from the measurements the Fourier transform F f not only on ), but also
on =) = {—y :y € YV}, and therefore the extended Fourier coverage

Vsym ==Y U (=)). (5.11)

Analogously to Theorem 5.1, the backpropagation fy, ,, minimizes |g|| [2(Rd) AIMONG all real-valued

functions g € L2(IR?) that satisfy Fg = Ff on V. In order to provide a backpropagation formula
for fy,,,, similar to (5.7), we set

Usym = {(x,t) eR%: x| < ko([t]), ~L <t < L} ,

and we replace the coordinate transformation T of (5.3) by

Tsym : Usym — RY, Tsym(x,t) = sgn(t) T'(x, |t]), (5.12)
with the sign function
t
w, t#0
sen(t) := { It ’ 5.13
gn(t) {07 T (5.13)

Here, a negative t is associated with the reflected points —Tiym(x, —t) in Fourier space.

Theorem 5.5 (Filtered backpropagation with non-absorbing object) Let the assump-
tions of Theorem 5.4 be satisfied. In addition, assume that f is real-valued. Then

_d+l K el () (r+d) | det (VT (x, t))| Fug(x, 7
Fyom(x) = 432m)7 5 Re (L ko(t)ziei"""M (g(ard((T_l)();“(x, t())) E A6e t>> 7 G14)

sym

where Re denotes the real part, u; is given in (4.8), and det(VT) in (5.8).

Proof: Since Tyyy, satisfies the same assumptions as 1" in the proof of Theorem 5.4 with the
points of possible non-smoothness {—t,,...,—t1,0,t1,...,t,}, we obtain analogously to the

derivation of (5.9) in the proof of Theorem 5.4 that
~ det(VTgym(x,t
J elTsym(x,t)-1“/,—_-‘}0(Tsym(X7 t)) | € (v y (X ))‘
Z/lsym

Card(T’ ! (Tsym (X7 t) ))

sym

vl

Fyagm () = (27)~

d(x,t).

Splitting up the domain of integration Usym = U U {(x,1) : |x| < ko(|t]),t € [-L, 0]}, we obtain

|det(VT'(x,t))]
Card(T5 L (T(x,1)))

sym

sym

Py (1) = (2)~ L TN F (T (x, 1) d(x,t)

d(x,1),

where we have used the substitution ¢t — —t and the property Tyym(x, —t) = —Tiym(x,t) in
the second integral. This property also implies that T} (y) is isomorphic to T (—y) and
therefore Card(7, S;,rln(y)) = Card(T, S;rln(—y)) for every y. It now follows from (5.10) that the
second integral is the complex conjugate of the first so that
4 . _ det(VT'(x,1))]
=2(2m) 2 R T F (T (3, 1)) ] ’ d(x,t) ) .
P (6) = 20215 e ([ o077 VT o

sym

Using the Fourier diffraction theorem in (5.4) finishes the proof. o

Remark 5.6 (Comparison of the backpropagation formulae) The filtered backpropaga-
tion formula with symmetrization (5.14) differs from (5.7) in that we take twice the real part
and we compute the Banach indicatrix of Tyyy,. For real-valued f, we can compare the two
reconstructions fy,,, and fy. By Theorem 5.1, we always have || f — fy. .. | r2ray < |f = fylr2ma)-
If Y is point symmetric with respect to the origin, i.e. )V = —), then both yield the same result.
Otherwise, fy might have a non-vanishing imaginary part, but even considering only the real
part is not ideal. In the extreme case where ) n (—=)) is a null set, as in Figure 4b, we obtain
[Yym = 2Re(fy), so the reconstruction with (5.14) is considerably better.
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5.3. Filtered backpropagation with multi-dimensional parameter set. For 3D angle
scanning, cf. Section 4.1, one option is to move the incidence along a two-dimensional set. In
order to handle such an experiment, we extend the filtered backpropagation of Theorem 5.4

by making t e [0, L] a multi-dimensional parameter t € A = R¢™! with ¢ € N. We substitute
Ix|

X € B Uhy v = ‘ parcsin oL € Bi/; if x # 0. Then we have x = k‘oﬁ sin [v| and k = kg cos|v]|.

Accordmgly, we replace the transformation 7" in (5.3) by

U: B} x A= RY, Ulv,t) = ko(t) R(t) <<"> —s(t)).

cos|v|

This parameter change makes U Lipschitz, as opposed to T. For a set S — R%9, we define
diam(S) = sup{|u — v| : u, v € S} and the ¢g-dimensional Hausdorff measure

o0 (]/2 d (B q e}
m9/% diam
HY(S) := sup | inf ————-2 | |Bi 28, B; « R, diam(B;) <4 ; | .
(5) 5>g< { NCESIET U (B)
Theorem 5.7 Let A < RI! be a bounded, open set and each of the maps R: A — SO(d),
s: A— S d: A— RY, and ky: A — (0, 4+0) be C' with bounded partial derivatives. Further
let f e L'(RY) have compact support, ug be defined as in (4.8) and ryp € IT(f o Wy) for all t € A.
Denote by |[VU]| the square root of the sum of the squares of the determinants of the d x d minors
of the Jacobian of U. With W := {z e R?: HI(U'(z)) > 0}, we have for all r € R?

cos [v] V(A0 Fyy (vI 1) |V (v, 1)

— 2(271)" :

fw(r) (2m)" = Ld " ietko(t)rm cosVl o (¢) Ha(U—1(U (v, t)))

/2

d(v,t).

Proof: We first show that U is Lipschitz. All partial derivatives of U with respect to t are
bounded by assumption. Since |v| ' sin |v| < 1 for all v e R¥\{0}, we see that

sin|v| V5 (COS|V| . sin\v|)
aU(V’t):koR(t)< CIRER A\ ) Vi1 .d-1,

ovj — v sin [v|

is uniformly bounded, which implies that U is Lipschitz. The coarea formula [14, Thm. 3.2.12],
see also [34], states for any g € Ll(Bi/}1 x A) and Lipschitz-continuous U that

J G DIVUM )] d(v.t) = J f o(v.t) dH (v, t) dz. (5.15)
5/2 x A R4 L(z

Plugging into (5.15) the indicator function of some A c Bfr/_; x A with HY{(U-Y(U(A))) =0

yields § ,|VU(v,t)| d(v,t) = 0, and therefore |[VU| vanishes a.e. on A. Hence (5.15) remains
valid when the left integral is restricted to Sy := supp(H?(U~! o U)).

Let £ > 0. We define the set S: = {(v,t) € Bi/}l x A: HI(U Y(U(v,t))) > ¢} and the function

1
ge(v,t) == { HIU(U(v,t)))’
0, otherwise,

(v,t) e Se,

which is integrable on Bfﬁ/}l x A. Inserting g into the coarea formula (5.15) yields

Jd RV D] v, ) —f J g-(v,t) dH (v, t) dz
B xA R4 Nz

7/
S )
< - dH?(v,t)d B
fw H0 @) Jyr gy 002 < B

because W < B by Remark 4.3. Since the rlght hand side is bounded independently of ¢,
we see that |VU\/H‘1( Lo U) is integrable on | J = 5.

s>0
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Let r € R?. Then .

ac(v,t) = eVOCOTEF(U (v, 1))g. (v, t),
is in L* (Bg/_; x A) because Ff is bounded. Defining W, := U~1(S.) and inserting a. into (5.15),
we obtain

B eiz'r]—'f(z) , Uy ;
J, ctvoivue ol = | e |

~ | e Fr @ @)
w

The integrand on the left has the integrable upper bound |Ff||VU|/H4(U~!oU), and the
integrand on the right is bounded by |F f|. Applying Lebesgue’s dominated convergence theorem
for € — 0 on both sides yields

UVOTE£(U (v, )
s, HU(U(U(v,t)))

Together with (4.9) and x = ko(t) cos |v|, this shows the assertion. o

VU (v, )] d(v, t) — fw o7 F f(z) dz

Remark 5.8 The backpropagation formula of Theorem 5.4, if all the parameters are C'!, can be
seen as a special case of Theorem 5.7. We note that for ¢ = 0, the set W coincides with ), while
for ¢ = 1 we only know the inclusion W < ). Furthermore, Theorem 5.7 requires a different
parameterization of the Fourier cover ).

5.4. Special cases. Below we give a few examples of the filtered backpropagation formulae
provided by Theorem 5.4 and Theorem 5.5.

Example 5.9 (Object rotation in 2D) Consider the 2D transmission setup with incidence
direction s = (0,1) ", measurement line 7o = r\; € I* and fixed wave number kg. Assuming that
the object makes a full turn according to

R(t) = (C(.)St _Smt> . telo,27],

sint cost

the filtered backpropagation formula (5.7) reduces to the well-known
2m
18,45, (1) = 27r 3/2f f T @ r=iorn Fy (¢ ry) 2] dzdt,  for all r € R2. (5.16)

See also [9, 21, 45]. The Fourier coverage of this experiment is a disk of radius v/2kq as depicted
in Figure 3c.

Changing the incidence direction to s = (1,0)" leads to a disk of radius 2kg, cf. Figure 4d. This
is the largest possible coverage for the given wave number, as discussed in Remark 4.3. The
resulting reconstruction

—2i

27 rko )
[Bay, (¥) = T (2m) 3/ J f T @D T=irn oy (22, ) daz dit, for all r € R?,
0 ko

has a smaller L? approximation error than the one given in (5.16) according to Theorem 5.1.
If f is real-valued, then a half turn of the object is actually enough to recover fB%o' This is
due to Friedel’s law (5.10) and the fact that the coverage Y for a half turn, corresponding to

t € [0, 7], see Figure 4b, satisfies Ysym = Y U (=) = Bag,. The symmetrized backpropagation
formula from Theorem 5.5 gives

fszo( r) = T 27T —3/2Re <f J (@ t)r— KT T g (2, ?”M)lidflfdt) for all r € R2.
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Example 5.10 (2D angle scan) Consider an experimental setup of angle scanning as in Fig-
ure 2 center, which is repeated for the object rotated by 90°. With the measurement line
ro = ry € IT and wave number kg, we set the incidence s(t) = (cost,sint) for ¢t € [0,27] and
the piecewise constant rotation R(t) = +1 if t 2 m. Up to zero sets, the Fourier coverage is the
union of four disks of radius kg, namely

_R2/(0 2( 0 2 (k 2 [k
V= Bko(ko) v Bko(*ko) v Bk‘o( 6)) UB/CO( OO)‘
Any point in ) is contained either in one or in two of these disks, therefore the Banach indicatrix
is given for almost every y € ) by

2, if ko — /k§ — yi < lyel < /Ko — (ly1] = ko)?,

1, otherwise,

Card(T(y)) = {
see Figure 8 left. The backpropagation formula (5.7) becomes

_ —3 Lo ko iT(x,t)-r—ik(z)ry
fy(r) = 2i( 27T ’ f f ¢ Card(T=1(T }(—ijg;’ ) |k(z) cost — xsint| dz dt.

Y2

—2ko 2%k, Y1

FIGURE 8. Left: 2D Fourier coverage for Example 5.10. In the purple area, the Banach

indicatrix is 2, in the red area it is 1. Right: 3D Fourier coverage for Example 5.11.
Example 5.11 (Object rotation in 3D) We consider an experiment similar to Example 5.9
but in R3. The object rotates around the rq-axis, the wave number kg is fixed and 7\ € I*. The
incidence direction s = (0,0,1)" leads to Devaney’s filtered backpropagation formula [9]. An
illustration of the Fourier coverage for this setup can be found in [28, Fig. 3].

As in R?, choosing s = (0,1,0)T, i.e. parallel to the measurement plane, yields a larger coverage,
cf. Figure 5. In contrast to the 2D setting, however, the Fourier coverage is considerably smaller
than the maximal one. In particular, it suffers from the missing cone problem. In this case the
missing regions around the origin can be filled, for instance, by subsequently rotating the object
around the 79-axis while illuminating in direction s = (1,0,0)". The resulting coverage ) is a
union of two solid horn tori, one radially symmetric about the ri-axis and the other radially
symmetric about the rq-axis, see Figure 8 right. The filtered backpropagation formula reads

47 HelT(x t)-r— IHTMJ—_'ut (X TM)
— dxdt  for all r e R3
Jy(x) ﬂ%f J Card (I-1(I(x, 1)) oratre®s

where T is defined according to (5.3) with s(t) = (0,1,0)" for t € [0,27] and s(¢) = (1,0,0)" for

€ (2m,4m] and the rotation matrix

(/1 0 0
0 cost sint |, te][0,2r],
0 —sint cost

R(t) = | .
cost 0 sint
0 1 0 |, te(2m4n].

—sint 0 cost
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The Banach indicatrix Card (T_l(y)) equals 2 if y lies in the overlap of the two solid tori, and
equals 1 otherwise. For reasons of symmetry, half a rotation of the object about each axis is
actually enough to compute fy if f is real-valued, similar to Example 5.9.

6. NUMERICS

6.1. Discretization. For discretizing the filtered backpropagation formulae of Sections 5.1 and
5.2, we extend the approach of [28] to our general setting with some modifications for the Banach

indicatrix. We consider the time steps t, := nL/N for n = 1,..., N, and quadrature points
X, € B for m = 1,..., M that lie on a uniform grid. From (5.7), we obtain the discrete
backpropagation

1td ‘Bgo 1’L Z Z 2k( zmn ell (zmmn): r]—"ut(koxm,rM) |det (VT (zm,n))|

fy(r) ~ (2m)~ n) i€ @) Card(T—HT (2mn))) 7

(6.1)

m=1n=

where 2, , = (ko(tn)Xm,tn). For a non-absorbing object as of Theorem 5.5, we approximate
fYeym analogously to (6.1), where we replace Card(T*(-)) by Card(Ty,.,(-)) and take twice the
real part of the sum. We evaluate fy on a uniform grid

rp = 2rup, peld = {—g, el % — 1}, (6.2)

for P € IN. The nonuniform discrete Fourier transform (NDFT) A: CcP' - €7 of a vector
fe P’ at points y; € R, j=1,...,J, and its adjoint A*: C/ — CP?" of a e 7 are defined by

J
iy;- * o iy.i-
= 2 fpeYiP, (A a)p.—Eajepr.
Jj=1

d
PELR

With appropriate scaling and the enumeration y(,, n) = T(Zm.n), the evaluation of (6.1) corre-
sponds to an adjoint NDFT, which can be computed efficiently in O(P%log P + N M) arithmetic
operations, see [41, Chap. 7]. The Jacobian determinant |det(VT")], see (5.8), can be approximated
using finite differences.

Banach indicatrix The only part of (6.1) that is, in general, hard to determine analytically
is the Banach indicatrix Card(T~!(y)), which we approximate as follows. For simplicity, we
only look at the case of continuous parameters, but we may apply the procedure for finitely
many subintervals of ¢t. The indicatrix counts how often a point y € ngo is “hit” by the
transformation 7'. In the discrete setting, however, it is unlikely that a point y is exactly hit by
T(zm,n) for any m,n. By (5.3), we can express the coverage for fixed time ¢ as the hemisphere

[T6et):xe BE = {y e RO |y + k(RSO = ho(t). y - R(De’ > —kolD)s(t) - e}
(6.3)
which moves continuously with ¢. For sufficiently close time steps, a point y is hit by T" between
the time steps t,—1 and ¢, if the sign of |y + ko(t)R(t)s(t)| — ko(t) changes between these time
steps. Hence, we approximate Card(T~!(y)) by

N
Z (2 sgn (ly + ko(tn—1)R(tn—1)s(tn—1)| — ko(tn—1)) — sgn (ly + ko(tn) R(tn)s(tn)| — ko(tn))|
" (6.4)
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where the sign function is given in (5.13) and

L ity (R()ed) > —kolta)s(t) - e,
s(n) =
0, otherwise.

Here the factor 1/2 compensates the fact that a full sign change of the argument changes the
sgn(-) function by 2.

Inverse NDFT and density compensation We compare the discrete backpropagation with
other approaches. The forward model (4.3), which maps f to Fu.(-,rm), can be discretized via
an NDFT: with the equispaced grid rp from (6.2), we have

~ 2rm d ™ iemrM 2 —iT(zm.n) T
]:U/tn(xm,’r'M) X ? 5 T ko Z € ’ pf (I'p) . (65)
peZd
The inverse NDF'T method [28] consists in applying a conjugate gradient (CG) method to solve

Af = g, where
d _. —ikr M.N
7 ( ) P —iv2 ke ™
= Uy, (X, T
& b3 MU 9y N

m,n=1

consists of the Fourier-transformed measurements, f = (f (rp))pezg , and A is the NDFT. Note

that our implementation of the inverse NDFT enforces f to be real-valued as described in [2,
sect. 5.2].

There are different approaches for numerical inversion of the NDFT, see [1, 16] and [25, sect.
3|. Furthermore, we consider the adjoint NDFT with density compensation factors that can be
computed from y,,, via a conjugate gradient (CG) method, see [26]. These factors play the
same role as the weights in the backpropagation formula (6.1) because they only depend on
the measurement setup, i.e. the transformation 7', but not on the measured data u;, and can
therefore be precomputed.

6.2. Numerical tests. We consider a two-dimensional, real-valued test function f e L'(RR?)
that contains both convex and nonconvex shapes, see Figure 9. Note that, different from [28],
we plot the normalized scattering potential f, see (1.4). We discretize f on a 144 x 144 grid
and take a fixed wave number ky = 27 and the measurement line zo = ry = 20. Both for
the inverse NDFT and the density compensation, we perform 20 CG iterations, the same as
in [28]. We use the library [22, 23] for the (adjoint) NDFT in all tested algorithms. As our
main goal is to examine the different backpropagation formulae, we generate the sinogram
data wi(x,ry) with the same forward model (6.5). In practice, one measures the total field
ufot (z,701) = ug (2, rap) 4 FosO@m) e the sum of the scattered field and incident field.

Angle scan We first consider an angle scanning setup, see Section 4.1, with a fixed position of
the object, R(t) = id, and the incidence direction s(t) = so(t)/ |so(t)|, where so(t) = (t — 1.2,1)
for ¢ € [0,2.4] with N = 128 time steps. We discretize x on the equispaced grid 2M ~'Z}, with
M = 128. Figure 9b depicts the simulated sinogram u}{°*(z). We always take the real part of the
reconstructions of f and compare the quality using the peak signal-to-noise ratio (PSNR) and

structural similarity index measure (SSIM).
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1072
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1 |
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—10 0 10
1 t t
(a) Function f (b) Sinogram for Figure 10 (angle scan) (c) Sinogram for Figure 11 (two angle

scans combined)

FIGURE 9. Ground truth f (left) and absolute value of the sinograms |u{** (z,ru)|.

Figure 10 shows the reconstructions, the Fourier coverage ) and YVsym, and the respective Banach
indicatrix Card(T~!(y)) or Card(Ty},(y)) estimated via (6.4). Both the backpropagation (6.1)
and its symmetrized version yield similar results: they reveal the correct structure of the object,
but underestimate the values of f. Moreover, they produce some artifacts due to the missing
parts in the Fourier coverage, also known as the “missing cone”, cf. [29]. The inverse NDFT gives
a better reconstruction with the correct level of the peaks of f, but still shows some missing cone
artifacts shaped similarly as in the backpropagation. The density compensation, which yields
the largest error, overestimates the function and produces smoother artifacts that makes the two
inclusions almost seem like a single large one.

1072

(a) Backpropagation fy from (6.1), (b) Fourier coverage Y for (a), the color (c) Density compensation [26],
PSNR 20.7, SSIM 0.343 is the Banach indicatrix Card(T~1(y)) PSNR 17.9, SSIM 0.273
1072 1072

1
0.5
0

(d) Backpropagation fy,,,, with sym- (e) Banach indicatrix Card(TS;,}ﬂ(y)) (f) Inverse NDFT [28],
metrization, PSNR 20.9, SSIM 0.323 and Fourier coverage ysym for (d) PSNR 28.0, SSIM 0.593

FI1GURE 10. Reconstructions for angle scan with fixed object. For comparison, we also
show the inverse NDF'T [28] and the density compensation [20].
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Angle scan and 90° rotation Our second setup demonstrates the necessity of non-smooth
parameters. We take the above experiment, repeat it with the object rotated by 90°, and combine
the data of both parts. Formally, we set s(t) = so(t)/|so(t)| where so(t) = («(t),1) with

at)=t—12 and R(t)=(}9) ifte[0,24),
alt)=t—3.6 and R(t)= (%) ifte[24,4.8].

The sinogram u{°'(z,ry) in Figure 9¢ shows the discontinuity at ¢ = 2.4. The reconstructions

are plotted in Figure 11. Again, the backpropagation yields better results than the density
compensation. We see that the symmetrized backpropagation in Figure 11d gives a slightly
better reconstruction than the one without in Figure 11a and is almost comparable with the
inverse NDFT in Figure 11f. Furthermore, Figure 12 indicates that the backpropagation becomes

considerably worse without the Banach indicatrix.
1072
1
. i 5 i .i 0'5

o

(a) Backpropagation fy from (6.1), (b) Fourier coverage Y for (a), the color (c) Density compensation [26],
PSNR 37.5, SSIM 0.958 is the Banach indicatrix Card(T~'(y)) PSNR 33.8, SSIM 0.624
10 1072
1 1
0.5 0.5
0 0
(d) Symmetrized Backpropagation (e) Banach indicatrix Card(Tsym ) (f) Inverse NDFT [28],
JYeym from (5.14), PSNR 38.3, SSIM  and Fourier coverage Ysym for (d) PSNR 38.5, SSIM 0.980
0.958

FIGURE 11. Two angle scans combined: the first scan for the initial object, the second
scan with the object rotated by 90°.

To evaluate the stability of the algorithms, we repeat the above simulation and add Gaussian
white noise to the measured sinogram of the total field u{°® with a relative noise level of 1%, i.e.,

|ubets, —u™t| /|ut"| ~ 1% with the discrete L? norm [u'*f]| = (Zg;\f Lot (@, mar) [2) V2.
Note that the noise level relative to the scattered field v = wu'°t — 4™¢ is larger, namely

|tnoisy — u| / |ul| &~ 5.8 %. For the reconstructions in Figure 13 (a)—(d), we did not apply further
regularization. All methods yield visually similar results: they correctly reconstruct the right
shape and amplitude, but are distorted by some noise artifacts distributed almost equally over
the image. Only the density compensation has structural artifacts visible in the background. The
error metrics are best for the backpropagation fy by a small margin. As in [2], we post-process
the noisy reconstructions via total variation (TV) denoising and enforcing the non-negativity of
the reconstruction. In particular, we employ primal-dual splitting [6] to minimize

o 3If =l + A flpy + xso(f), (6.6)
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.10—2

FIGURE 12. Backpropagation fy for constant indicatrix, i.e., we use (5.7) with
Card(Tiym (")) = 1, otherwise same setup as in Figure 11. PSNR 31.2, SSIM 0.605

where fy is the backpropagation, A > 0 a regularization parameter, || the total variation
seminorm, and yso(f) = 0 if f > 0 everywhere and +o0 otherwise. The denoised images
shown in Figure 13 (e)—(h) are significantly better. Again, all methods perform on a similar
level. Noteworthy, the symmetrized backpropagation fy, . profits the most from denoising, even
slightly beating the denoised inverse NDFT.

1072

(a) Backpropagation fy, (b) Symmetrized Backpropa-(c) Density compensation  (d) Inverse NDFT [28],
PSNR 34.8, SSIM 0.800 gation fy ., [26] PSNR 33.9, SSIM 0.743
PSNR 33. 6 SSIM 0.722 PSNR 32.4, SSIM 0.553

1072
1
0.5
0

-

e

5

(=)

(e) TV denoising of back-  (f) TV denoising of ) TV denoising of density (h) TV denoising of inverse
propagation fy, symmetrized backpropa- compensatwn [26], NDF'T [28],
PSNR 37.8, SSIM 0.976 gation fys s PSNR 36.4, SSIM 0.900 PSNR 38.9, SSIM 0.980

PSNR 39. 5 SSIM 0.982

FIGURE 13. Reconstructions with 1% Gaussian noise added to the sinogram uj°"
In the second row, we post-processed the reconstructions from the first row via TV
denoising (6.6) with A\ = 0.02. Otherwise, the setup is the same as in Figure 11.

The computation times on an Intel Core i7-10700 CPU with 32 GB memory are reported in
Table 1. As expected, the backpropagation algorithms are much faster, because they use only one
adjoint NDFT whereas the inverse NDFT method uses a forward and adjoint step of the NDFT
in each iteration. The precomputation of the Banach indicatrix and the Jacobian determinant,
which is independent of the data u, is done in reasonable time. Note that here we do not include
the time of the precomputation step inside the NFFT library, because it is required in all four
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algorithms.
Symmetrized Density Inverse
Backpropagation backpropagation compensation NDFT
Time 11 11 11 202
Precomputation 89 142 190 -

TABLE 1. Computation times (in ms) for Figure 11.

Object rotation In our third setup, we take the fixed incidence s = (0, 1) and the rotation
R(t) = (¢t~ 5int) for t € [0,37/2] as in Figure 4c. Here the reconstruction highly depends on
the discretization of x near the boundary. Therefore we use a different grid z,, = cos(mm/M)
for m =1,..., M = 160, such that the discrete Fourier coverage {T(xm,tn)}%”i 1 does not have
large gaps around the origin. The reconstructions are shown in Figure 14, where we can see a
significant effect of the symmetrization. This is expected as the Fourier coverage ) has large
gaps, see Figure 14b, but its symmetrization Vsym from (5.11) is the whole disk of radius 2kg.
The visual quality of the symmetrized backpropagation is comparably to the inverse NDFT, but
the error measures are somewhat worse. Furthermore, we notice some numerical issues of the
estimation of the Banach indicatrix Card(7~!(y)) near the boundary |y| = 27 corresponding to

|z| = 1.

0.5 0.5
0 0
(a) Backpropagation fy from (6.1), (b) Fourier coverage Y for (a), the color (c) Density compensation [26],
PSNR 24.5, SSIM 0.454 is the Banach indicatrix Card(T~1(y)) PSNR 20.8, SSIM 0.359
-10
1 1
0.5 0.5
0 0
(d) Backpropagation fy,,,, with sym- (e) Banach indicatrix Card(Tsym L) (f) Inverse NDFT [28],
metrization, PSNR 32.5, SSIM 0.410 and Fourier coverage ysym for (d) PSNR 41.9, SSIM 0.983

FIGURE 14. Reconstructions for setup of Figure 4c. For comparison, we also show the
inverse NDF'T [28] and the density compensation [26].
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7. CONCLUSION

In this article we have studied several questions related to diffraction tomography in R?. We
derived a generalization of the Fourier diffraction theorem for compactly supported inhomogeneity
g € L'(R?%) and a measurement hyperplane that may intersect supp g. Building on this result,
we presented a novel filtered backpropagation formula, that is, an explicit expression for the L?
best approximation of f given the available data. This reconstruction formula correctly handles
a general experiment where a change of illumination and a rigid motion of the object occur
simultaneously. The critical quantity in the evaluation of the resulting d-dimensional integral is
the Banach indicatrix, which can be difficult to determine exactly. We have addressed this issue
with a numerical estimation method. Numerical tests suggest that the filtered backpropagation
formula can compete with the inverse NDFT in terms of reconstruction quality, while having
lower computation times.
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