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Abstract—The Radon transform is a fundamental tool for
analyzing data in tomographic imaging, optimal transport, crys-
tallography, and geometric analysis. Numerical computations
require an accurate discretization. To deal with voxelized images
and objects, we derive a closed-form, piecewise polynomial
expression for the Radon transform of an axis-aligned cube in
arbitrary dimension d. Building on this formula, we propose a
discrete Radon transform in R? that is both analytically exact
for voxelized data and computationally efficient. For improved
numerical stability, we introduce a regularized variant replacing
the Radon transform of a cube, i.e. the (d — 1)-dimensional
area of the intersection between that cube and a hyperplane, by
the d-dimensional volume of the intersection between the cube
and a thin slab around the hyperplane. Numerical experiments
demonstrate the effectiveness of the proposed approach in several
applications including 3D shape matching, classification, and
sliced Wasserstein barycenters. The computational efficiency in
higher dimensions is verified by a comparison with Monte Carlo
integration.

Index Terms—Radon transform, Fourier transform, polyno-
mial splines, discretization, shape matching, classification, sliced
Wasserstein distance and barycenter.

I. INTRODUCTION

N imaging, inverse problems, and geometric analysis the

Radon transform holds a pivotal role by linking functions to
their integrals over hyperplanes. Thereby, it encodes geometric
information about a function that can be probed analytically
and reconstructed algorithmically. Understanding its behavior
for simple geometric bodies is thus both practically and
theoretically important. In particular, the problem of com-
puting the (d — 1)-dimensional volume of the intersection
between a hyperplane and an axis-aligned hypercube has a
long history: classical closed-form results for special directions
date back to Sommerfeld [68] and Pélya [59]. The latter article
“Berechnung eines bestimmten Integrals” (“Computation of a
certain integral”) seems not to be well-known and apparently
unknown to [8]. More recently, sharp and asymptotic bounds
and extremal results were obtained in [7], [30], [40], [41],
[50].

From the geometric-analysis side, a detailed understanding
of cube-hyperplane intersections informs local extrema of
section volumes [44], [53], [58] and combinatorial bounds
on intersection vertices [15], [27], [49]. While prior works
give sharp bounds and treat a number of special configurations
(notably the main diagonal and central slices), explicit expres-
sions for general directions and offsets, which are amenable
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to numerical evaluation, have been missing in a single, unified
form, cf. Remark 7.

From the computational imaging side, there is an extensive
literature on discrete Radon transforms, including Fourier-
based approaches and numerical approximations for tomo-
graphic imaging [3]-[6], [12]. Applications of 3D Radon
representations include rendering, shape matching and object
retrieval [22], [23], [35], [45], [73], crystallography, medi-
cal/seismic imaging, biometric authentication [42], [46], [48],
[66], and kernel-based methods [62], [63]. Practical algorithms
related to voxel-friendly approximations, spline convolutions
and nonuniform Fourier methods are discussed in [32], [37],
[47], [52], [70]. However, many existing discrete schemes
either reduce the 3D problem to repeated 2D line integrals, rely
on Fourier interpolation that introduces artifacts for voxelized
data, or employ Monte Carlo approximations [1], [20], [24]
that are costly for high resolution. Further studies on the
discretization are done via the operator norm [17] and adjoint
mismatch [18].

Motivated by these limitations, we derive an explicit for-
mula for the d-dimensional Radon transform of a hypercube.
Building on this, we propose a voxel-aware discrete Radon
transform that uses the exact cube—plane intersection area for
summing voxel contributions. This discretization is both more
accurate than simple center-projection binning, cf. [33] for
d = 2, and substantially faster than high-quality Monte Carlo
sampling.

Main contributions:

(i) An explicit closed form expression for the Radon trans-
form of a hypercube in R? (Theorem 1) in terms of a
piecewise polynomial of degree d — 1 that is d — 2 times
differentiable.

(i) An explicit formula for a regularized Radon transform

computing the d-dimensional volume of the intersection

of the cube with a thin slab, which is the e-neighborhood

of a hyperplane (Corollary 6).

A voxel-aware discrete Radon transform utilizing the

exact formulas from (i) and (ii).

Numerical simulations demonstrating the approach on 3D

shape matching and classification tasks, sliced Wasser-

stein minimization and barycenters, and comparisons with

Monte Carlo integration.

(iii)
(iv)

Organization: Section II provides explicit formulas for
the Radon transform of a hypercube in R¢, special cases d €
{2, 3}, and the cube-slab intersection volume. Two application
areas are considered: Firstly, Section III introduces a voxel-
aware discrete Radon transform, and performs shape matching
via variants of the trace transform [22] and the normalized



Radon cumulative distribution transform [10]. Secondly, Sec-
tion IV provides proof-of-concept experiments for the approx-
imation of empirical measures and Wasserstein barycenters,
both based on a free-support Radon model. Finally, Section V
compares Monte Carlo sampling for approximating the 4D
Radon transform with our explicit formula.

II. MULTI-DIMENSIONAL RADON TRANSFORM
A. Basic definitions
For an absolutely integrable function f € L'(R?) and a
fixed direction @ € S¥~! := {x € R? : |z| = 1}, the Radon
transform is defined as

Rolf](t) = L @ e 1

where o denotes the surface measure on the hyperplane
Ho(t) = {xeR: (x,0) =t}. ?2)

The Radon transform is well-defined for almost all ¢ € R and
obeys the symmetry R_g[f](—t) = Ro[f](t).
Furthermore, the Fourier transform is defined by
Falf](w) == (2m)~ Y2 () ® de,  wveR%
Rd
The Fourier and Radon transform are related via the Fourier
slice theorem [54], which for all s € R and 0 € S%! states

d—1
Fi[Re[f1](s) = (2m) =" Falf](s0). 3)
For a > 0, we denote the indicator function of the interval
(—a,a] by
1o(x) = 1, ifze (.—a,a],
0, otherwise,
and the indicator function of the hypercube
d
(—a,a] = X (—ai,a;], ac Rio, 4
i=1
by
1o(x) =14, (z1) -+ - Lo, (xa), x e R%.

Furthermore, we define the positive part of x € R by

(2)4 = {g;

We frequently use its /-th power (x)ﬂ_ for ¢ € Ny, where we
set 00 := 0. Moreover, we define the vector

if z >0,
if z <0.

o ._ 4 d
x° = T|supp(a) € R, x € RY,

whose j-th entry is the j-th non-zero entry of = and where
= [afo = [supp(z)|

denotes the number of non-zero entries of . The product of
all entries of & € R? is denoted by

d
P(x) = H xj,

and the componentwise product of two vectors x,y € R? by
xOyeR

The Fourier transform of 1, with a € RZ can be expressed
as

9 df2 d
Falla](v) = (71-) n a; sinc(a;v;), (5)
j=1

see [56, Ex. 2.3], with the cardinal sine function

sin(x) R
sinc(x) = { = TEeRV{0},
1, z = 0.

B. The Radon transform of a hypercube

The next theorem provides a closed form for the Radon
transform of the indicator function 1, of the hypercube
(—a,a]. This coincides with the surface area of (—a,a] N
Hg(t).

Theorem 1. Let 0 € S 1 te R, and a € Rio. Furthermore,
let £ = |0|o. Then, for the Radon transformation of the
hypercube, Ag(t) := Ro[1a](t), holds

" 2¢-tP(a)
40 = plaoer) -1 ©
x > P(k) (t + (k,(a® t9)°>)f1

ke{—1,1}¢

The proof requires the following lemma on convolutions.
Related results about splines can be found in [36], [19, § 1].
The convolution of two functions g, h € L'(R) is defined as

(g% h)(z) = % ng<y>h<y _2)dy,  zeR

Iteratively, we denote the k-fold convolution of k functions
gj € L'(R) by

kG 7)

The Fourier convolution theorem [56, Thm. 2.15] relates the
Fourier transform and the convolution of two function by

Filg = h] = Filg] - F1[h], ®)

which directly extends to the k-fold convolution from (7).

Lemma 2. Let k € N and b € RE,. Then the k-fold
convolution of indicator functions is

k o) k)2 -
* 1, (1) = Biepr D PR+ kD) teR ()
7= ke{—1,1}k

Proof. For k =1, we have

L, (t)=(t+b)S —(t—01)%,  teR.



Now consider b € RY and define for ¢ € R? the by the
last component reduced vector ¢ = (c1,...,cp_1)" € RL,
Then, we have for any ¢ € R that

<1bk N (2m)27H)12 Z P(E)(t + <k/7b/>)ljj2> (t)

(k—2)1
k'e{—1,1}k-1

t+by,
J;bk

P(K')(t + by, + (K, b/))h !

(QW)(lfk)/'z
= T k—2)
k/e{—1,1}k—1

= (27\')(17“/2 l Z

k—1)!
k'e{—1,1}k—1

P(K')(s + (k' b))k ds

— P(K)(t = by, + (K, b'>)’i1]

_ ene

= (k=1 0

> PlR)(t+ (kb))

ke{—1,1}F

Proof of Theorem 1. By (5) and the Fourier slice theorem (3),
we obtain for almost all s € R that

Fi[Re[1a]l(s) = (21)°F Fu[1a](s6)

od 4

- o jl:[l a; sinc(a;sb,)

2d

e a0 sinc(a;sb.; a;
mmwﬂo 10 oneta J)QJHO ’

_ 2TPle) e :
29=P(a)

=1 4
W(%) z F [jill(aee)ﬁ](s)

by the Fourier convolution theorem (8). Lemma 2 yields a
representative of the Radon transform of 1, in the space
of continuous functions by the right-hand-side of (9). This
finishes the proof. O

The summation index k € {—1,1}* for £ = d in (6)
corresponds to the 2¢ vertices of the hypercube (—a, a], which
has the corners @ © k, where k € {—1,1}%.

The intersection of (—a, a] with the hyperplane Hg(t) is a
convex polytope with at most [%J([ d% J) vertices, and this
bound is attained [53]. These can be used for computing the
area by triangulation, but their number grows asymptotically

like 29+1/2 whereas our summation has at most 2¢ summands.

C. Explicit formulas from Theorem I

First, we note the degenerate case ¢ = 1, i.e. the Radon
transform of the hypercube in direction of the axes 8 = e;,
which denotes the ith unit vector in R%:

A2 (1) = 24711, ()22 teR,
where [n] == {1,...,n} for n e N.

Second, we state explicit versions of Theorem 1 for the
important cases of dimension d € {2,3}. For a 2D rectangle,
we have the following.

ield, (10

(a)

NS

[ ——

Fig. 1.  (a): Projections t; of the corners k; of the cube to the red line
in direction 6. (b): Planes Hg(t) for ¢t = to in blue, ¢ = t3 in green, and
t € (t2,t3) in yellow, with three or five corners.

Corollary 3 (2D Radon transform). Let 6 € St with £ = ||0]
and a € R2,. If { = 1, the area Ag is given in (10). If
¢ = 2, we set (t;)}_, as a nondecreasing rearrangement of
((0,a © k))pe(—1,132, and it holds

0, t <,
1 t—t;, te (tl,tg],
Ag(t) = m to —t1, tE€ (tg,tg],
ty—t, te (t3,t4],

0, t=1y.

In the 3D case, the intersection of a plane with a cube is a
polygon with 3, 4, 5, or 6 edges (or in the degenerate case a
line segment, singleton, or empty), see Fig. 1 (b).

Corollary 4 (3D Radon transform). Let 6 € S? with £ = |0
and a € R3,. If { = 1, the areaoAg(t) is given in (10). If
¢ = 2, we have Ag(t) = 2a;Ag.(t) given in Corollary 3,
where j is the index with 0; = 0. If { = 3, we set (t;)$_, as a
nondecreasing rearrangement of ({8,a ® k>)ke{—1,1}3- Then
it holds

0 t < t17
ity te (tr.ta).
A S N L
i WPRPR
20,0505 | s te (t470].
For t > 0, Ag can be obtained from A§(t) = Ag(—t), and

the symmetry t; = —tg_; < 0 for all i € [4].

The points ¢; are the projections of the vertices a ® k to the
line in direction @, see Fig. 1 (a). If some of the ¢; coincide,
the respective intervals in the last corollary are empty.

In general, the function Ag is a piecewise polynomial in ¢
of degree ¢—1 and it is £ — 2 times continuously differentiable
if /£ > 2. Fig. 2 indicates a continuous behavior in 3D
between the non-degenerate and the degenerate case, the latter
coincides with the non-degenerate case from the 2D Radon
transform, cf. Corollary 3.

Remark 5 (Optimal directions). Fig. 3 visualizes the spherical
function

S? 30— A%(t), forsome teR,



A5(t)
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Fig. 2. The function Ag(t) for @ = (a,a,a)T, a > 0, is the 3D Radon
transform of the cube. Functions depending on t for @ = 1/v/3(1,1,1)T € S?
(purple) as reference, and varying @ € S? in the degenerate (dashed gray) and
general case (orange).

which is the

Fig. 3. The function % 5 0 > AZ(¢) for a = (1/2,1/2,1/2)T,
)t =

3D Radon transform of the cube. (a 0. (b): t = 1/7.

for a = 1/2(1,1,1) " € R3. In [40] it was shown that it has 12
global maxima 1/v3(£1, +1,£1)T for all 12v3 < t < V3/2,
which remain at least local maxima if ¢ < 1/2v3, see Fig. 3 (b).
Moreover, 8 — A%(0) has 12 global maxima [50], namely 8 €
1V2{(+1,41,0)T, (+1,0,+1)T, (0, +1,+1)T}, and 6 global
minima 6 € {+e; : i € [3]}, see Fig. 3 (a).

D. Volume of a slab

Closely related to Theorem 1, we replace the hyperplane by
a d-dimensional slab. Denote by Vg'(¢1,t2) the volume of the
intersection of the hypercube (—a, a] from (4) with the slab

Sg(tl,tg) = {:l': € Rd : <IB,0> € [tl,tg]} (11)
for @ € S*! and t1,t5 € R.

Corollary 6. For a € R%,, 0 € S, and t1,t, € R with
t1 < to, it holds with the notation from Theorem 1 that

2Pla)
P((ac6)°) ! ke{zl " P(k)

— (th + (K, (@ ® 0)°>)‘+).

rom (11) is the union of hyper-

U Hols).

se [tl ,tg]

Vg'(t1,t2) =
(12)

)
((t2+<k (@a©0)”)’,
) fr

Proof. The slab Sg(ty,to
planes (2), namely

So(ti,t2) =

Since |0 = 1, we have

to
Vg'(t1,t2) = J ldx = JAS(S) ds.
(—a,a]l’\Se(tth) t1

Integrating (6) for ¢, we obtain (12). O

The volume converges to the area Ag if the width of the
slab approaches zero, in particular it holds
ii{% Vgt —e,t +e) = Ag(t), vt e R. (13)
Remark 7 (Related results). Explicit volume formulas have
been stated in different forms in [8], [57], [59]. However, this
literature considered the special cases of (12), where either
0 = e/vd e S¥! and a € R%, is arbitrary [59], or 6§ €
S-1 s arbitrary and a = e is fixed [8], [41], [57], where
e = (1,...,1)T e R9 These two cases are related via a
coordinate transform: Let a € R, and note that (12) remains
valid for @ € R% For x € R?, we perform the coordinate
transform x = a ® y with dz = P(a)da. Then x € (—a, a]
if and only if y € (—e, e] and

e He(t) & {e,x) =t {a,y) =1t < yec Hy(t),

for any ¢t € R. Hence, we have

V:(tl,tg):J 1d1¢=f 1dy
(—a,a]nSe(t1,t2) (—e.e]nSa(tit2)

= P(a) . Vae(tl,tg).
and therewith, by (13), it follows
Ag(t) = P(a)Ag(t),

III. DISCRETE RADON TRANSFORM AND SHAPE
MATCHING

teR.

In this section, we substantiate the theoretical findings
from Theorem 1 with numerical applications. Therefore, we
consider the task of object recognition and classification in
3D utilizing the discrete Radon transform of voxelized images
outlined in Section III-B. First, in Section III-C, we perform
feature extraction utilizing the Radon shape matching [22]
based on the trace transform [34]. Second, in Section III-D,
we study the recently proposed Normalized Radon Cumula-
tive Distribution Transform (NR-CDT) [9]-[11]. Finally, we
consider the classification of affinely transformed 3D objects
in Section III-E.

A. Datasets

The ModelNetl0 dataset! [72] contains ten classes of
3D objects: bathtubs, beds, chairs, desks, dressers, monitors,
nightstands, sofas, tables, and toilets, see Fig. 4 and 5.

We consider a subset from ModelNet10 comprising the first
ten samples from each of the classes. Initially, we do not rely
on affine object classes for which a theoretical (linear) separa-
bility result holds. Therefore, the considered experiments may
validate robustness of the transforms. Afterwards, we consider
classes of affinely transformed objects in Section III-E.

'Online available: https://modelnet.cs.princeton.edu
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Fig. 4. Selection of the first to fives samples of the ModelNet10 dataset for
(a) bathtubs, (b) beds, (c) chairs, (d) desks, (e) dresser, and (f) monitors.
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Fig. 5. Selection of the first to fives samples of the ModelNet10 dataset for
(a) nightstands, (b) sofas, (c) tables, and (d) toilets.

B. Discretization of the Radon transform

For a numerical realization of the Radon transform on the
voxelized objects, we need a discrete model. For N € N, we
define the symmetric index set

IN = {7]\74»1/27 7N+3/2, RN N*]./Q}

and the regular grid Z¢, as d-fold Cartesian product. We
consider a d-dimensional image F' € RZN with N voxels
in each dimension. Each voxel n = (n1,...,nq) € Z% is
imagined as cube with side length (i.e. voxel size) s > 0
centered at s - m € R?, i.e., the cube (s(n — 12),s(n + 1/2)].
Then F' corresponds to the piecewice constant function

fr@) = > F(n)1(snoi)smeye) (@),

d
neZy

x e R%.

The cubes touch but do not overlap.



Let @ € S ! and t € R. By linearity, we have
Rolfr](t) = 3} F(n)Ro[1(sn—s),stns12](2).
nerd,

The shift identity for the Radon transform,

Rolf(- —y)](t) = Ralf1(t =<6, y)),

follows directly from the definition (1). Together with the
observation that 1(,(,,_ 1) y(n41)](T) = Lope(® — 5 1), We
obtain that

= > F(n

Rolfr](t
neId

yeRY,

é/ze] (t - 3<n7 0>)

Then we have

Rolfrl(t) = Y. F(n)Ay*(t— s(n,0))

d
nezy,

(14)

with A§ given in (6). Since the box s/2(—e, e] has a diagonal
of sVd/2, the summands in (14) vanish if [t —s(n, @)| > sVd/2,
For improved stability, we replace Ag(t) by its regularized
variant (2&) 71V (t —e,t + ), see (12).

Remark 8 (Existing approaches). Besides our approach, there
are other ways to discretize the Radon transform. Most work
covers only the case d = 2. A simple, well-known approach
[14] projects the center of a voxel to the line 8+, and then
uses binning in ¢. For general d, we set b as bin size in ¢, and
approximate

Rolfrlt)~ ),  F(n).

neI}i\,
|{n,0)—t|<b
This approach is usually implemented by first computing the
projections {n, @) for all voxels n and then binning them to
a grid in t. Therefore, this approach is generally faster than
ours, but less accurate. It can be improved by splitting each
voxel into subvoxels. The convergence of different approaches
was analyzed in [16], [33].

Another approach, known as slant stacking [69] in 2D
discretizes the line integral by a quadrature on the line -+,
where the function values of f are obtained via interpolation
of F; taking fr here corresponds to a the nearest neighbor
interpolation. Discrete convolutions in combination with data
interpolation was utilized for the 2D Radon transform in [2].
Monte Carlo approximations were discussed in [1], [20], [24].

Unfortunately, there are fewer readily available implemen-
tations of the 3D Radon transform. Although some packages
like RadonKaZ? [70] provide “3D Radon transforms”, these are
vectorized versions of the 2D Radon transform (i.e. integrating
along all lines perpendicular to the third coordinate) rather than
integrating along planes. In [69], closed forms for few simple
objects, e.g. GauBian bells and ellipsoids in 3D are provided.

C. Radon shape matching via feature extraction [22]

We first revise the construction of the feature extractors, and
then provide the numerical results for the shape matching.

2Julia package RadonKA https://github.com/roflmaostc/RadonKA.jl

TABLE 1
SUMMARY OF THE COMBINATION FOR THE EXTRACTORS FROM [22].
w(t,91,92) (t,91,92) (t,92,91) (V2,t,91) (V1,t,92)
PP, Py P B R R FRLEy B L E
By, Py, Fy L Fs L Fe By By E
B,y Fy B RGFy L FR By By F3 )
Py, Py i, By By Fy, Fi, Py By F3, B
By, F5, Fy F1,Fo, Fy P, Fa, F1 P, P,
M, F3,Fy B, Fy, 1 F3,F,F1 o, Fo,
L,-_? F,Fy,Fn  F1,Fy,F35 F3,F,F»  F3,F,F
2 By, Fy, Fo Fo,F1, Py F3,F1,Fy F3,F5,
ey B P,y Fe,F1,F3 F3,F, Fy
- Fy,F1,Fy  Fo, Iy, Fy  F3,F5,Fy
& Fy, F5,Fy  Fa,F, Fy
By, Fy, v Fo,Fy, Fy
By, Fy, s F,Fy, F3
F3, Py, Fy  F3,F1,F
F3, P, Fy  F3,F2, Fy
F3,F5, Fy F3,Fy, Fy
F3, Fy, 1

1) Preprocessing: According to [22], the following prepro-
cessing steps on the reduced ModelNet10 dataset from Sec-
tion III-A are applied: (i) centering the objects by the means
of mass points, i.e. centroid of the voxels, (ii) Principal Com-
ponent Analysis (PCA) alignment using the covariance/inertia
matrix for rotating towards the principal axes, (iii) scaling into
the unit box, and (iv) normalizing the mass after revoxelizing
the objects.

2) Construction of the features: Following the definition
of the feature extractors from [22, Eq. (10-13)], the sphere
is discretized by a uniform grid on the spherical coordinates
given by

sin 191 sin Y2 =(91,92),

9
0(’19) = [cosﬂl Sil’l’L92:| R { 91€[0,27)

cos Vg 92€[0,7].

15)

The extractors F;: R? — R given by
D-1

Fi(g) = max_gi.  Falg) = 3, 3lois1 —ail,
i=1
D
)= 9, Fy(g9) = Fi(9) + F1(—9),
i=1

are applied recursively on
R[fr] : RP' x [0,27)P2 x [0, 7]7* — R,
(t,0(01,92)) = Rog,,0.)[f1(t).

The ordering (F;,, F;,, F;,) given by the permutation m =
(1,72, m3) € S3({t,V1,02}) of the 51 selected extractors is
summarized in Table I [22, Tab. 1]. We obtain the extractors

D, igis = Fiy (Fiy (Fy, RLfFIT (1,2, 3))7 (-2, 73)) (-3)

3) Numerical results: After preprocessing the (reduced)
ModelNet10 dataset with 64 x 64 x 64 voxels, our discrete
Radon transform Rg(g)[fr](t) is applied with different reso-
lutions: equispaced radii t € [—V3/2,v3/2] and an equispaced
grid in spherical coordinates ¥ = (¢1,J2), see (15).

Instead of the similarity measure from [22], we perform a 1-
nearest neighbor (1-NN) classification on the extracted object
features with different sizes of reference (sub)datasets: for N
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TABLE II
ACCURACY RESULTS FOR THE RADON SHAPE MATCHING [22] WITH 1-NN
CLASSIFICATION ON THE REDUCED MODELNET10 DATASET (N = 3):
BATHTUBS, CHAIRS, AND DRESSERS.

radii  angles R -l Il I~ lloo
512 (20,16) 1 0.451+£0.156 0.4254+0.136 0.412 +0.163
3 0.480£0.127 0.487+0.121  0.457 £ 0.115
5 0.633£0.100 0.588+0.104 0.544 + 0.097
(30,21) 1 0491 £0.167 0.484+0.133 0.514+0.176
3 0.531£0.153 0.507 +£0.126  0.553 + 0.155
5 0.690 £0.107 0.635+0.102  0.571 + 0.098
2048 (20, 16) 1 0.502+0.120 0.4324+0.145 0.333 £0.156
3 0.555+0.095 0.461+0.111 0.361 £0.111
5 0.687£0.085 0.556 + 0.067 0.574 + 0.101
(30,21) 1 0.513£0.111 0.4154+0.164 0.425+0.178
3 0.585+0.089 0.451 +0.137 0.466 + 0.153
5 0.712£0.069 0.680+0.116 0.666 + 0.124

TABLE III

ACCURACY RESULTS FOR THE RADON SHAPE MATCHING [22] WITH 1-NN
CLASSIFICATION ON THE ENTIRE MODELNET10 DATASET (N = 10).

radii  angles R [ -2 I- o

2048 (30,21) 1 0.240+0.044 0.222£0.045 0.215 £ 0.054
3031240048 0.312£0.054 0.277 £ 0.038
5 0.363+0.044 0.351+0.060 0.333 £ 0.051

classes, the NV x 10 dataset is randomly divided into N x R
train and N x (10— R) test samples, and the data extractors are
afterwards used to classify the test data. Therefore each test
sample is assigned to the reference sample with the smallest
distance of the extractors. Here, we consider the Manhattan
norm | -||1, the Euclidean norm | - |2, and the Chebyshev norm
| - |oo- The calculations are repeated 20 times with different
random splits. The mean and standard deviation are reported
in Table II for the reduced (N = 3) and in Table III for the
entire ModelNet10 dataset (N = 10).

We observe the best classification result of 71%, cf. Table II,
which is significantly better than guessing (33%) on the 3-class
problem with bathtubs, chairs, and dressers. For the 10-class
problem in Table III, we observe the best classification accuray
of 36% with the Manhattan norm. The respective distance map
is provided in Fig. 6 (left), from which the class structure
is just slightly visible. The confusion map in Fig. 6 (right)
indicates uncertainties between several classes; the maximal
rate of correct assignments is 64%.

The similarity measure used in [22] provides even worse
results. We were not able to reproduce the exact numbers from
[22] due to unavailable code, the lack of documentation of the
preprocessing, and the ambiguity how the Radon transform is
calculated. However, compared to their dataset, our choice is
much more difficult with more varieties in the shapes within
each class.

D. Classification via NR-CDT [10]

The Radon transform can be utilized for the classifica-
tion of images using the so-called R-CDT approach [39].
Its extension, the NR-CDT [9], [11], is invariant to affine
transformations, and was applied to pattern recognition [10].
Differently, we apply the theory on voxels and not on meshes
(i.e. point clouds), which makes the computation of the 3D
Radon transform crucial. We first revise the construction of

Fig. 6. Distance map (left) and confusion map (in %, right) for the
Radon shape matching of the entire ModelNet10 dataset with respect to the
Manhattan norm | - |1, i.e. the best performing distance in Table III.

the NR-CDT for functions, and then provide the numerical
results on the ModelNet10 dataset for comparison with the
feature extractors from Section III-C.

1) Normalized Radon cumulative distribution transform:
Let f € L'(R?) be nonnegative and {, f(z)dz = 1.
Following [10], we define the Radon cumulative distribution
transform (Radon-CDT) of f by

Ro[fl:R—>R, £ inf{s eR ( foong[f](t)dt > g}.

This is the quantile function, i.e., the generalized inverse of
the cumulative distribution function of Rg[f], see [9], [10].
We define the mean and standard derivation of a function
g € L*([0,1]) by

1

mean(g) = J- g(s)ds, std(g)? = J (g(s)—mean(g))* ds.

0 0
Following [10], the normalized Radon-CDT (NR-CDT)

Ro[f](t) — mean(Ro[f])
std(Re[f])

is well defined if supp(f) < R? is compact and
dim(supp(f)) > d — 1, cf. [10, Prop. 4, Lem. 1].
Finally, we define the max-normalized R-CDT (,,NR-CDT)

Nm[f]:R_)Rv 5'_)65;1}11-/\[9[]8](5)'

Nﬂ[f]:R_)R7 t—

b

The ,NR-CDT is invariant under affine transformations, see
[9, Thm. 1]. More specifically, consider for a function f its
affine transformation

fay R R, &~ f(A™ (z —y)), (16)
for A € GL(d) and y € R?, then it holds
Nm[fA,y] = Mn[f] (17)

2) Numerical results: We apply the ,NR-CDT on both
datasets, i.e. the reduced (bathtubs, chairs, and dressers) and
entire ModelNet10 dataset, where each class consists of ten
samples. The discretization uses three parameters: i) the num-
ber of evaluation points for the CDT; ii) the equispaced radii
as in Section III-C3; iii) the angles 6, which are not restricted
to grids unlike in Section III-C. There are many notions of
“almost equispaced” points @ € S? such as spherical designs
[28], [71] or quasi-Monte Carlo designs [31], [64]. We chose



TABLE IV
ACCURACY RESULTS FOR THE yNR-CDT [10] WITH THE 1-NN
CLASSIFICATION ON THE REDUCED MODELNET10 DATASET (N = 3):
BATHTUBS, CHAIRS, AND DRESSERS.

radii angles R |- 1 I-ll2 I lloo

64 64 1 0.853+0.089 0.826+0.080 0.703 % 0.085
3 0.890+0.061 0.852+0.075 0.776 + 0.087
5 0.922+0.067 0.900 +0.063 0.783 + 0.110

128 128 1 0.901£0.040 0.855+0.073 0.757 £ 0.078
3 0.904+0.048 0.866 +0.059 0.759 + 0.094
5 0.900 +0.066 0.869 +0.100  0.820 + 0.094

256 256 1 0.89240.031 0.835+0.100 0.696 + 0.083
3 0.914+0.093 0.869 +0.068 0.785 + 0.079
5 0.933+0.094 0.896+0.070 0.836 + 0.076

TABLE V

ACCURACY RESULTS FOR THE yNR-CDT [10] WITH THE 1-NN
CLASSIFICATION ON THE ENTIRE MODELNET10 DATASET (N = 10).

radii angles R |- |1 -2 |- lloo

256 256 1 0.307£0.040 0.312+£0.051  0.245 4+ 0.037
3 0.375£0.041 0.401+£0.052 0.312 £ 0.046
5 0.4194+0.047 0.47240.042 0.388 £0.060

the Fibonacci points [26], [29] given in spherical coordinates
(15) by

Y = [g;] € {[arccos(lzg(i1)+1) :|

n

ie [[n]]}, (18)

with the golden angle ¢ = 7(3 — 1/5). The resulting ,,NR-
CDTs are compared with different norms, cf. Section III-C3.

For the shape matching on the ModelNetlO dataset, we
perform a 1-NN classification with splitting sizes R € {1, 3,5}
as in Section III-C3. The accuracies (mean+std.) for different
discretizations of the sphere S? and the radii based on 20 runs
of the 1-NN are reported in Table IV for the reduced dataset
(N = 3) and in Table V for the entire dataset (N = 10).

We observe accuracies up to 93% for the shape matching,
see Table IV, in the reduced classes (bathtubs, chairs, and
dressers), which is a significant improvement to the Radon
shape matching from Section III-C, cf. Table II. Especially,
in the ,NR-CDT space, the chairs are perfectly distinguished
from both other classes.

For the entire dataset, we obtain an accuracy up to 47%,
which is significantly better than random guessing (10%), as
well as the accuracies from Section III-C, cf. Table III. The
separability of the classes in the ,,NR-CDT-space is clearly
visible from the distance map in Fig. 7 (left). Moreover, in
the confusion map, see Fig. 7 (right), there are few classes
(nightstands, tables, sofas, and bathtubs) that cannot be as-
signed well. However, the diagonal is more dominant than in
Fig. 6 (right).

E. Classification of affinely transformed objects

Contrary to the previous subsections, we consider affienly
transformed objects in 3D. Here, we take the first sample
from each class of the ModelNet10 dataset, cf. Fig. 4 and 5,
as a template, and generate ten objects by applying random
affine transformations (anisotropic scaling, shearing, shifting,

Fig. 7. Distance map (left) and confusion map (in %, right) of the entire
ModelNet10 dataset in the nNR-CDT-space with respect to the Euclidean
norm || - |2, i.e. the distance with the best outcome of the accuracies from
Table V.

B

Fig. 8. 2D Radon transforms of the empirical (target) measure A,, (left) and
the uniform mixture Yy, solving (23), corresponding to Fig. 9 (top).

rotation) to the template, see (16). The numerical studies (1-
NN) from Sections III-C3 and III-D2 are repeated for the
densest discretization. We obtain an accuracy for the Radon
shape matching [22] of up to 42%, which is outperformed
by the ,NR-CDT embedding [10] with a nearly perfect
classification result of 99%, as theoretically expected, cf. (17).

IV. APPROXIMATION AND MEANS OF EMPIRICAL DATA

In contrast to Section III, which relies on a voxel-based data
structure, here we are interested in a free-support setting for
measures. Firstly, we consider clustering in 2D and 3D, more
precisely, we aim to fit a given empirical measure by a mixture
of measures on cubes via the sliced Wasserstein distance,
see Section IV-A. Secondly, we compute sliced Wasserstein
barycenters, see Section I'V-B.

A. Optimal histogram via sliced Wasserstein distance

Approximating an empirical measure A, == /n>" | 4.,
where 0, denotes the Dirac measure at a point x € X ¢ RY,
by another distribution is a important task [13], [38]. We are
interested in linear combinations

k
Tk = Z YiUj,

Jj=1

19)

where u; is the uniform measure on a cube
(cj —wj, ¢j + wy]

with center ¢; € X and width w; € X, and v; =
uj(X)/Sk_uy(x). Note that the ansatz of minimizing the
Kullback-Leibler divergence or any other Csiszar divergence
to the given measure is not defined in this case [21].
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Fig. 9. Visualization of the iterates in R% with d = 2 (top) and d = 3
(bottom), corresponding to Fig. 8. The uniform mixture Yo (red cubes)
approximates the optimal histogram for the empirical measure A, (blue dots).

An alternative approach is to consider the sliced Wasser-
stein distance. To this end, the Wasserstein distance [65] of
measures x, 7 € P(R) is defined by
[ e yP s,

RxR

W3 =
206m) Lot

where II is the set of measures v € P(R x R) with marginals
x and 7. We have

1
W) = f FI(s) — Fl(s)2dp(s)  (20)

for some reference measure p € P(R) with y < p, with the
cumulative distribution function F) (s) := x((—o0, s]) and its
generalized inverse gl (¢) = inf{s | g(s) > t}. The sliced
Wasserstein distance of p,v € P(R?) is defined by

SW3(u,v) = W3 (Rolu], Re[v]) duga-1(6),

Sd—l

2y

where uga—1 is the uniform measure on S*~! and the Radon
transform of measures, corresponding to (1) for the density, is
defined by

Relp] ==, 004p = po((,0)) ' € P(R), 871 (22)

Compared to the Wasserstein distance, its sliced version com-
bines similar properties with faster computation, cf. [51], [55],
[60], [61].
Then, we propose to approximate the empirical measure A,,
by solving
arg min SW3( 1y, A,,),

c,weX’“

(23)

where Yy is parameterized by ¢ and w. For the numerical
computation, the Wasserstein distance W2 is computed by
(20), the Radon transform of Y is computed by a linear
combination of (6), and the Radon transform (22) of the
empirical measure is given by

RO[An] = Z 6<mi,9>7
=1

where we apply nearest neighbor interpolation.

We provide two experiments for d € {2, 3} and consider A,,
sampled from the uniform measure on [—1, —1/2]¢ U [1/2,1]¢
with n = 40 samples for d = 2 and n = 60 for d = 3. We
use 101 radii equispaced in [—+/d, v/d], and 128 angles equis-
paced on S!, and Fibonacci points (18) on S2. We solve (23),
with the ADAM optimizer [25] using 100 epochs, learning
rate 0.05, smoothing parameters (0.9,0.99), and initialization
ci2 = *Y1e € R? and wy 2 = Y10e € R The Radon
transforms of the target A, and optimal measure Yy are
visualized in Fig. 8. The iterates are visualized in Fig. 9. We
observe that the computed measures Y,, perfectly cluster in
both settings. The corresponding Radon transforms reproduce
the main character of the target.

B. Sliced Wasserstein barycenter

The sliced Wasserstein barycenter [13] of two probability
measures fi, [l2 € Pg(Rd) with finite second moment, such
that R[u;] € Po(S¥! x R) for i € [2], is defined for some
A€ (0,1) by

arg min ASW3 (1, i) + (1 — N)SW3 (g, 1), (24)

peP(RY)
where the sliced Wasserstein distance is defined in (21).

The computation of the Radon transform is performed in
the manner of Section IV-A with 42 angles 6 and 31 radii .
The reference measures p; are either two hemispheres rotated
by 90° around the z-axis, or a sphere and a hemisphere,
see Fig. 10. The minimization uses the same setting as in
Section IV-A and relies on a free support discretization of p
in the form Y}, see (19), with k¥ = 200 centers in R®, The
barycenters are visualized in Fig. 10, and the corresponding
Radon transform in Fig. 11.

V. COMPARISON WITH MONTE CARLO INTEGRATION

Another implementation of the Radon transform, cf. Rem. §,
is based on a Monte Carlo integration, see [1], [20], [24].
Similar to (13), we approximate the intersection area of
(—1,1]¢ and the hyperplane Hg(t) by

Em~u((71,1]d)[|<evw>_t‘<5
21—dg

AS(t) ~ LVE(t—e t+e) = )




Fig. 10. Visualization of the calculated sliced Wasserstein barycenters (blue
boxes) between the voxelized target measures for (a) two rotated hemispheres
(red, yellow) and (b) sphere (red) and hemisphere (yellow).
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Fig. 11.
w2 (right), and the computed barycenter (A = 1/2) from (24) (middle). The
measures are visualized in Fig. 10.

3D Radon transform of the two reference measures 1 (left) and

with N random samples of x from the uniform distribution
U((—=1,1]%). We use d = 4, N = 29 samples with q €
{16, 20,24}, and € = 10~3 for the Monte Carlo sampling. We
generate quasi-uniform points on the sphere S by applying
the inverse Gauflian cumulative distribution function to Sobol’
points [67] in [0, 1]* and normalizing to the sphere, following
the construction in [43, § 5.2]. Notably, the evaluation of our
formula (6) for 128 angles 6 and 128 radii ¢ takes less than
1 second, whereas the Monte Carlo sampling for just 1 angle
and 128 radii takes about 5 seconds with N = 22* samples
for an appropriate result with less than 1% error. The error
depending on N is plotted in Fig. 12.

DETAILS OF THE IMPLEMENTATION

We implemented the multidimensional discrete Radon trans-
form and the experiments in Julia.* They are performed on
a MacBookPro 2020 with an Intel Core i5 CPU (4 cores,
1.4 GHz) and 8 GB RAM.
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